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This article investigates the Galerkin method for an initial boundary value problem for heat
convection equations. The new error estimates
for the approximate solutions and their derivatives in strong norm are obtained.
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1. Introduction

The large number of works is devoted to the study of various convection problems. It is possible to recognize two impor-
tant directions of the study of convection phenomena. The first one is experimental and theoretical study of the convective
stability. In detail these questions are considered, for example, in the monograph [1]. The other important direction is the
numerical modeling of convection processes (see, for example, [2–5]). It allows to calculate the modes of convection at var-
ious meanings of Rayleigh, Reynolds numbers and at other parameters of the model. It is known that the main theoretical
basis of numerical methods is the proof of convergence of the approximate solution to the exact one of the corresponding
differential problem. The order of the convergence speed of approximate solutions of a nonlinear problem much depends
on a kind of the nonlinear terms. It is often difficult to establish the convergence. In this case the basic information on
the convergence of the computing procedure is found out by numerical experiments.

In the present paper we study the Galerkin method for the approximate solving of an initial boundary value problem for a
non-stationary quasi-linear system which describes the motion of the non-uniformly heated viscous incompressible fluid.
The convergence of the Galerkin approximations in a strong norm is established, and also the asymptotic error estimates
for the solutions and their derivatives in the uniform norm are obtained.

2. Statement of the problem and auxiliary assertions

Let X be a bounded domain in R2with the smooth boundary oX, Q = X � (0,T), S = oX � (0,T], where T <1.
The initial boundary value problem for the heat convection in Boussinesq approximation is formulated in the following

way ([1, 6, 7]): we seek a vector-function u(x, t):X � [0,T] ? R2 and scalar functions p(x, t), h (x, t):X � [0,T] ? R such that
@u
@t
�mDuþq�1

0 rpþðu �rÞu� gbk3h¼ f ðx; tÞ; ðx; tÞ 2Q ; ð1Þ

@h
@t
�jDhþu �rh¼uðx; tÞ; ðx; tÞ 2Q ; ð2Þ

div uðx; tÞ ¼ 0; ðx; tÞ 2Q ; ð3Þ
uðx; tÞ ¼ 0; hðx; tÞ ¼ 0; ðx; tÞ 2 S; ð4Þ
uðx;0Þ ¼ 0; hðx;0Þ ¼ 0; x2X; ð5Þ
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where m, j, q0, b > 0 are some phisical constants; k3 is a vertically directed up unit vector.
Let Lp(X), 1 < p < +1, (respectively L1 (X)) be a space of real functions are absolutely integrable on X with the power of p

according to Lebesque measure dx = dx1dx2 (respectively essentially bounded). These spaces with the norms

kukLpðXÞ ¼
Z

X
juðxÞjpdx

� �1=p

respectively

kukL1ðXÞ ¼ ess sup
X
juðxÞj

are Banach spaces. The space Lp(Q) is defined similarly. The Sobolev space Wm
p ðXÞ is a space of functions from Lp(X) whose all

generalized partial derivatives up to order m inclusively belong to Lp(X) (m is a nonnegative integer). It is a Banach space
with the norm

kukWm
p ðXÞ ¼

X
jjj6m

kDjukp
LpðXÞ

 !1=p

:

The space W2m;m
p ðQÞ (see [8]) with mbeing a nonnegative integer is a Banach space of functions from Lp(Q), which have gen-

eralized derivatives Dr
t D

s
x with arbitrary nonnegative integers r and s satisfying inequality 2r + s 6 2m. The norm in W2m;m

p ðQÞ
is defined as

kukW2m;m
p ðQÞ ¼

X2m

j¼0

X
2rþs¼j

kDr
t D

s
xukLpðQÞ:

We put

W1;0
p ðQÞ ¼ fu 2 LpðQÞ : Dxu 2 LpðQÞg;

W
�

1
2ðXÞ ¼ u 2W1

2ðXÞ : u ¼ 0 on @X in the sense of traces
n o

:

The symbol W
�

2;1
2 ðQÞ denotes the set of functions belonging W2;1

2 ðQÞ satisfying zero initial conditions and vanishing on S.
We shall deal with two-dimensional vector-functions, each component of which belongs to one of the above defined

spaces. We denote [Lp(X)]2 = Lp(X) � Lp(X), [Lp(Q)]2 = Lp(Q) � Lp(Q), etc. The norm, for example, in [Lp(X)]2 (p > 2) we shall

denote by ½��LpðXÞ. Let us denote similarly the norms in the spaces W2
2ðXÞ

h i2
; ½LpðQÞ�2; W2;1

2 ðQÞ
h i2

.

The norm in L2(X) and in [L2(X)]2 will be denoted by k�k and [�], respectively. The inner product in L2(X) and in [L2(X)]2

will be denoted by (�, �).
Let J(X) be a set of solenoidal infinitely differentiable and finite on X vectors v(x) = (v1(x),v2(x)), J

�
ðXÞ be the closure with

respect to the norm of space W1
2ðXÞ

h i2
.The elements of J

�
ðQÞ are the vectors v(x, t) that belong to J

�
ðXÞ for almost all t. Let PJ be

the orthogonal projection in [L2(X)]2 onto J
�
ðXÞ.

Using the operator PJ, the problem (1)–(5) can be written as
@u
@t
� mPJDuþ PJððu � rÞuÞ � gbPJðk3hÞ ¼ PJf ðx; tÞ; ðx; tÞ 2 Q ; ð6Þ

@h
@t
� jDhþ u � rh ¼ uðx; tÞ; ðx; tÞ 2 Q ; ð7Þ

uðx; tÞ ¼ 0; hðx; tÞ ¼ 0; ðx; tÞ 2 S; ð8Þ
uðx;0Þ ¼ 0; hðx;0Þ ¼ 0; x 2 X: ð9Þ

We consider the spectral problems

� mPJDe ¼ ke; e 2 J
�
ðXÞ;

eðxÞ ¼ 0; x 2 @X

and
� jDm ¼ lm;

mðxÞ ¼ 0; x 2 @X:
By ki we denote an eigenvalue, corresponding to the eigenvector ei(x), by li we denote an eigenvalue, corresponding to the

eigenvector mi(x). The existence and the completeness of the eigenfunctions eiðxÞ 2 W2
2ðXÞ

h i2
\ J
�
ðXÞ;miðxÞ 2W2

2ðXÞ \W
�

1
2ðXÞ

in the spaces [L2(X)]2 and L2(X) are proved in [9, 10].
Let Pn1 be the orthogonal projection in [L2(X)]2 onto the linear span of the vector-functions feiðxÞgn

i¼1; Pn2 be the orthog-
onal projection in L2(X) onto the linear span of the functions fmiðxÞgn

i¼1.
The approximate solutions for the problem(6)–(9) are defined as
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