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a b s t r a c t

The generating system of the differential algebra for invariant differential polynomials with
two parametric curves is obtained. Conditions for the equivalence of two parametric curves
families are given. We are also proved that the generating differential invariants of two
parametric curves are independent. Finally, we reduce the SL(n,R)-equivalent problem
for ruled surfaces to that of parametric curves.

� 2011 Elsevier Inc. All rights reserved.

1. Introduction

Integral invariants depend on quantities obtained by integration of various functions along a curve. The type of integral
invariants that we consider was introduced by [4]. In this paper, we obtain, for the first time, explicit formulae of SL(n,R)-
invariants for a pair of parametric curves. Explicit expression for integral invariants, however, appear to be known only
for a single curve, as computations become challenging for a pair of parametric curves.

In the literature, there are many papers on the invariant theory of curves in differential geometry [1,2,6]. In most of the
studies, special invariants were considered such as arc length, curvature and torsion. The problem of equivalence has been
already solved for a single curve by Sağiroğlu [4]. In this study, we have solved the equivalence of parametric curves problem
choosing a pair of parametric curves in SL(n,R).

SL(n,R)-equivalence of a pair of parametric curves is defined similar to a single parametric curve. The standard action of
the SL(n,R)-group on Rn induces on action on parametric curves. Then we have obtained the generator system of SL(n,R) dif-
ferential invariants for a pair of parametric curves and used these differential invariants in order to show the SL(n,R)-equiv-
alence of two different pairs of parametric curves. So we have seen that generator invariants provide some equalities for the
equivalence. Also, it is observed that generator invariants obtained are functionally independent.

Ruled surfaces are formed by a one-parameter set of lines and have been investigated extensively in classical geometry. A
ruled surface is a surface swept out by a straight line moving along a curve a(u). Such a surface always has a parametrization
X(u,v) = a(u) + vb(u) or X(u,v) = a(v) + ub(v), where we call a(u) the base curve, b(u) the director curve. Because of their simple
generation, these surfaces arise in a variety of applications [3,5].

In this paper, we have defined SL(n,R)-equivalence of ruled surfaces. Then, using the known parametrizations of ruled sur-
faces, the SL(n,R)-equivalence of ruled surfaces has been reduced to that of two pairs of parametric curves. Furthermore, for
SL(n,R)-equivalence of two ruled surfaces, generator differential invariants of a pair of parametric curves are considered.

Let R be the field of real numbers and I = (c,d) be an open interval of R.

Definition 1. A C1-function x: I ? Rn will be called a parametric curve in Rn.
We denote the group of matrix whose determinant 1 with SL(n,R). SL(n,R) acts by (g,x) ? gx on Rn, where gx is the mul-

tiplication of a matrix g and a column vector x 2 Rn. If x(t) is a parametric curve in Rn then gx(t) is also a parametric curve in Rn

for any g 2 SL(n,R).
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Definition 2. Let {x1(t),x2(t)} and {y1(t),y2(t)} be two parametric curve families in Rn. These parametric curve families will be
called SL(n,R)-equivalent if there exists g 2 SL(n,R) such that y2(t) = gx2(t) and y1(t) = gx1(t) for all t 2 I and written

fy1ðtÞ; y2ðtÞg �
SLðn;RÞ

fx1ðtÞ; x2ðtÞg.
Let x be a parametric curve in Rn and x0(t) be the derivative of x(t). Put x(0) = x, x(n) = (x(n� 1))0. The determinant of vectors

x(t), x0(t), . . . , x(n�1)(t) will be denoted by ½xðtÞx0ðtÞ � � � xðn�1ÞðtÞ� .

Definition 3. A parametric curve x(t) in Rn will be called SL(n,R)-regular (shortly, regular) if [x(t)x0(t) � � � x(n�1)(t)] – 0 for all
t 2 I.

Definition 4. A polynomial p(x,x0, . . . , x(k), y, y0, . . . ,y(m)) of x, y and a finite number of derivatives x, x0, . . . , x(k), y, y0, . . . , y(m) of x,
y with the coefficients from R will be called a differential polynomial of x and y. It will be denoted by p{x,y}. We denote the
set of all differential polynomials of x and y by R{x,y}. It is a differential R-algebra.

Let G be a subgroup of SL(n,R). A differential polynomial p{x,y} will be called G-invariant if p{gx,gy} = p{x,y} for all g 2 G.
The set of all G-invariant differential polynomials of x, y will be denoted by R{x,y}G. It is a differential subalgebra of R{x,y}. A
subset S of R{x,y}G will be called a generating system of R{x,y}G if the smallest differential subalgebra containing S is R{x,y}G.

2. The generating system of R{x1,x2}G

Lemma 1. For any vectors x0, x1, . . . , xn, y2, . . . , yn in Rn, the following equality holds:

Fðx0; x1; . . . ; xnÞ ¼ ½x1x2 � � � xn�½x0y2 � � � yn� � ½x0x2 � � � xn�½x1y2 � � � yn� � � � � � ½x1x2 � � � x0�½xny2 � � � yn� ¼ 0: ð1Þ

Proof. Page 46 in [1]. h

Theorem 1. Let x1 and x2 be two parametric curves such that x1 is regular. Then the generator set of R{x1,x2}G is

x1x01 � � � x
ðn�1Þ
1

h i
; x1 � � � xði�1Þ

1 xðnÞ1 xðiþ1Þ
1 � � � xðn�1Þ

1

h i
; i ¼ 0; . . . ;n� 2;

x1 � � � xði�1Þ
1 x2xðiþ1Þ

1 � � � xðn�1Þ
1

h i
; i ¼ 0; . . . ; n� 1: ð2Þ

Proof. By the first main theorem for SL(n,R) in [7], the generator set of R(xs,s 2 D)G(forjDjP n) is

½x1x2 � � � xn�; x1 � � � xi�1xsxiþ1 � � � xðn�1Þ
1

h i
; i ¼ 1; . . . ;n; s 2 D=f1; . . . ;ng:

We take x1; x2; x01; x
0
2; . . . ; xðKÞ1 ; xðKÞ2 ; . . .instead of xs, then the generator set of Rðx1; x2; x01; x

0
2; . . . ; xðKÞ1 ; xðKÞ2 ; . . . ÞG is

x1 x01 � � � xðn�1Þ
1

h i
; x1 � � � xði�1Þ

1 xðsÞ1 xðiþ1Þ
1 � � � xðn�1Þ

1

h i
; s P n

n

x1 � � � xði�1Þ
1 xðsÞ2 xðiþ1Þ

1 � � � xðn�1Þ
1

h i
; s P 0

o
:

We obviously have

x1 x01 � � � xðn�1Þ
1

h i0
¼ x1 � � � xðn�2Þ

1 xðnÞ1

h i
: ð3Þ

Firstly, we want to show that

x1 � � � xði�1Þ
1 xðsÞ1 xðiþ1Þ

1 � � � xðn�1Þ
1

h i
; ðs P nÞ

are generated by

x1 � � � xði�1Þ
1 xðnÞ1 xðiþ1Þ

1 � � � xðn�1Þ
1

h i
; ði ¼ 0; . . . ;n� 2Þ:

Since (3), for s = n

x1 � � � xði�1Þ
1 xðnÞ1 xðiþ1Þ

1 � � � xðn�1Þ
1

h i
; i ¼ 0; . . . ;n� 1

is generated by set (2). Let s > n. By the induction hypothesis, for s � 1

x1 � � � xði�1Þ
1 xðs�1Þ

1 xðiþ1Þ
1 � � � xðn�1Þ

1

h i
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