
Singular perturbation degenerate problems occurring in atmospheric
dispersion of pollutants

Aida Sahmurova a, Veli B. Shakhmurov b,⇑
a Okan University, Department of Environmental Sciences, Akfirat, Tuzla 34959, Istanbul, Turkey
b Okan University, Department of of Electronics and Communication, Akfirat, Tuzla 34959, Istanbul, Turkey

a r t i c l e i n f o

Dedicated to Professor H. M. Srivastava on
the Occasion of his Seventieth Birth
Anniversary

Keywords:
Differential-operator equations
Semigroups of operators
Banach-valued function spaces
Separability
Atmospheric dispersion of pollutants

a b s t r a c t

The boundary value problems for the degenerate differential-operator equations with
small parameters generated on all boundary are studied. Several conditions for the separa-
bility and the fredholmness in Banach-valued Lp-spaces of are given. In applications, max-
imal regularity of degenerate Cauchy problem for parabolic equation arising in
atmospheric dispersion of pollutants studied.
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1. Introduction, notations and background

The main objective of the present paper is to discuss singular perturbation boundary value problems (BVPs) for degen-
erate differential operator equation (DOE)

Lu ¼ �eu½2�ðxÞ þ AuðxÞ þ e1
2A1ðxÞu½j�ðxÞ þ A2ðxÞuðxÞ ¼ f ;

on (0,1), where

D½i�x u ¼ u½i�ðxÞ ¼ xc1 ð1� xÞc2
d
dx

� �i

uðxÞ

and e is a small parameter.
In applications maximal regularity properties of Cauchy problem for the following degenerate parabolic equation with

small parameter

ut � eD½2�x uðt; xÞ þ Auðt; xÞ þ e1
2A1ðxÞu½j�ðt; xÞ þ A2ðxÞuðt; xÞ ¼ f ðy; xÞ; t 2 Rþ; x 2 ð0;1Þ

is established, where A, A1, A2 are linear operators in a Banach space E. The above singular perturbation problems occur in
different situation of fluid mechanics environmental engineering et.s.

Note that, DOEs are studied e.g. in [1–9] and [11,12].
Let c = c(x), x = (x1,x2, . . . ,xn) be a positive measurable function on a domain X � Rn. Let Lp,c (X;E) denote the space of

strongly measurable E-valued functions that are defined on X with the norm

kfkLp;c
¼ kfkLp;cðX;EÞ ¼

Z
kf ðxÞkp

EcðxÞdx
� �1

p

; 1 6 p <1:
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For c(x) � 1 the space Lp,c (X;E) will be denoted by Lp = Lp (X;E).
Let E(Ah) denote the space D(Ah) with norm

kukEðAhÞ ¼ ðkuk
p þ kAhukpÞ

1
p; 1 6 p <1; 0 < h <1:

Consider the BVP for DOE

ðLþ kÞu ¼ �euð2ÞðxÞ þ ðAþ kÞuðxÞ ¼ f ; x 2 ð0; bÞ

L1u ¼
Xm1

k¼0

erk akuðkÞð0Þ þ
XN

i¼1

dkiuðkÞðxkiÞ
" #

¼ f1

L2u ¼
Xm2

k¼0

erk bkuðkÞðbÞ þ
XN

i¼1

mkiuðkÞðxkiÞ
" #

¼ f2;

ð1Þ

where mk 2 f0;1g; rk ¼ k
2þ 1

2p ; ak; bk; dki; mki are complex numbers and xki 2 (0,b); A is a possible unbounded operator in E

and Ak ¼ Aþ k; 0 6 c < 1; f j 2 Xj ¼ ðEðAÞ; EÞhj ;p
; hj ¼

mjþ
1�c

p

2 ; here ðEðAÞ; EÞhj ;p
are interpolation spaces obtained from {E(A),E}

by the K-method [10, Section 1.3.2]. For definitions see [8,9], for instance.
From [8] we obtain

Theorem A1. Let the following conditions be satisfied:

(1) c ¼ xc1 ðb� xÞc2 ; 0 6 c1; c2 < 1� 1
p ; p 2 ð1;1Þ; j ¼ 1;2; . . . ;m� 1; 0 6 l 6 1� j

m ;

(2) E is a Banach space satisfying the multiplier condition with respect to p and weighted function c, p 2 (1,1), 0 < e 6 T <1
and 0 < h 6 h0 <1 are certain parameters;

(3) A is an R-positive operator in E;

Then, the embedding

DjWm
p;cð0; b; EðAÞ; EÞ � Lp;c 0; b; E A1� j

m�l
� �� �

is continuous and there exists a positive constant Cl such that

h
j

mkuðjÞk
Lp;cð0;b;EðA1� j

m�lÞÞ
6 Cl hlkukWm

p;cð0;b;EðAÞ;EÞ þ h�ð1�lÞkukLp;cð0;b;EÞ

h i
for all u 2Wm

p;cð0; b; EðAÞ; EÞ and h;
If A�1 2 r1(E) and 0 < l 6 1� j

m then the embedding

DjWm
p;cða; b; EðAÞ; EÞ � Lp;c a; b; E A1� j

m�l
� �� �

is compact.
In a similar way as [9] we obtain.

Theorem A2. Let the following conditions be satisfied:

(1) ak, bk, dkj are complex numbers, amk
– 0; bmk

– 0; a > 0; t is a small positive parameter;
(2) E is the Banach space satisfying the multiplier condition with respect to p and weighted function

cðxÞ ¼ xc; 0 6 c < 1� 1
p
; 1 < p <1;

(3) A is an R positive operator in E.

Then, the problem (1) for all f 2 Lp,c(0,b;E) andfj 2 has a unique solution u 2W2
p;cð0; b; EðAÞ; EÞ. Moreover for jargkj 6 u and

sufficiently large jkj the following uniform coercive estimate holds

X2

i¼0

jkj1�
i
2e i

2kuðiÞkLp;cð0;b;EÞ þ kAukLp;cð0;b;EÞ 6 C kfkLpð0;b;EÞ þ
X2

j¼1

kfjkXj

" #
:

Consider the BVP for the degenerate differential-operator equation with small parameter

Lu ¼ �eu½2�ðxÞ þ AuðxÞ þ e1
2A1ðxÞu½1�ðxÞ þ A2ðxÞuðxÞ ¼ f ; x 2 ð0;1Þ;

L1u ¼
Xm1

i¼0

eriaiu½i�ð0Þ ¼ 0; L2u ¼
Xm2

i¼0

eri biu
½i�ð1Þ ¼ 0;

ð2Þ
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