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a b s t r a c t

In this paper, a concept of graph convergence concerned with the H(�, �)-accretive operator
is introduced in Banach spaces and some equivalence theorems between of graph-conver-
gence and resolvent operator convergence for the H(�, �)-accretive operator sequence are
proved. As an application, a perturbed algorithm for solving a class of variational inclusions
involving the H(�, �)-accretive operator is constructed. Under some suitable conditions, the
existence of the solution for the variational inclusions and the convergence of iterative
sequence generated by the perturbed algorithm are also given.

� 2011 Elsevier Inc. All rights reserved.

1. Introduction

It is well known that the variational inclusion is an important and useful generalization of the variational inequality. Be-
cause of the wide applications to optimization and control, economic and transportation equilibrium, and engineering sci-
ences, the variational inequalities and variational inclusions with applications have been intensively studied by many
authors. One of the most important and interesting problems in the theory of variational inequality is the development of
an efficient and implementable algorithm for solving the variational inequality. For the past years, many numerical methods
have been developed for solving various classes of variational inequalities, such as the projection method and its variant
forms, linear approximation, descent, and Newton’s methods.

Recently, many authors have studied the perturbed algorithms for variational inequalities involving maximal monotone
mappings in Hilbert spaces. Using the concept of graph-convergence for maximal monotone mappings and the equivalence
between of graph-convergence and resolvent operator convergence considered by Attouch [1], they constructed some per-
turbed algorithm for variational inequality and proved the convergence of sequences generated by perturbed algorithms un-
der some suitable conditions (see, for example [2–4,13,14,16,20]).

On the other hand, in 2001, Huang and Fang [17] were the first to introduce the generalized m-accretive mapping and give
the definition of the resolvent operator for the generalized m-accretive mapping in Banach spaces. They also showed some
properties of the resolvent operator for generalized m-accretive mappings in Banach spaces. Recently, Fang and Huang, Lan,
Cho and Verma investigated several generalized operators such as H-accretive, (H,g)-accretive (A,g)-monotone mappings
and (A,g)-accretive mappings (see, for example [8–11,16–18,21–25] and the references therein). Very recently, Zou and
Huang [31] introduced a new concept of H(�, �)-accretive operators, which generalized the existing maximal monotone or
accretive operators. They studied some properties of H(�, �)-accretive operators and defined resolvent operators associated
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with H(�, �)-accretive operators. They also studied a class of variational inclusion using the resolvent operators associated
with H(�, �)-accretive operators. Some related works, we refer to [5–7,12,15,26–28,30,32].

Motivated and inspired by the work mentioned above, in this paper, we introduce a concept of graph convergence for
H(�, �)-accretive operators. We show some equivalence theorems between of graph-convergence and resolvent operator con-
vergence the H(�, �)-accretive operator sequence in Banach space. As an application, we studied the perturbed algorithm for a
class of variational inclusions involving H(�, �)-accretive operator in Banach spaces. Under some suitable conditions, we prove
the existence of the solution for the variational inclusions and the convergence of the iterative sequence generated by the
perturbed algorithm.

2. Preliminaries

Let X be a real Banach space with dual space X⁄, h�, �i be the dual pair between X and X⁄, and 2X denote the family of all the
nonempty subsets of X. The generalized duality mapping Jq : X ! 2X� is defined by

JqðxÞ ¼ ff � 2 X� : hx; f �i ¼ kxkq
; kf �k ¼ kxkq�1g; 8x 2 X;

where q > 1 is a constant. In particular, J2 is the usual normalized duality mapping. It is known that, in general,
Jq(x) = kxkq�1J2(x) for all x – 0 and Jq is single-valued if X⁄ is strictly convex. In the sequel, we always assume that X is a real
Banach space such that Jq is single-valued. If X is a Hilbert space, then J2 becomes the identity mapping on X.

The modulus of smoothness of X is the function q X: [0,1) ? [0,1) defined by

qXðtÞ ¼ sup
1
2
ðkxþ yk þ kx� ykÞ � 1 : kxk 6 1; kyk 6 t

� �
:

A Banach space X is called uniformly smooth if

lim
t!0

qXðtÞ
t
¼ 0:

X is called q-uniformly smooth if there exists a constant c > 0 such that

qXðtÞ 6 ctq; q > 1:

Note that Jq is single-valued if X is uniformly smooth. Concerned with the characteristic inequalities in q-uniformly smooth
Banach spaces, Xu [29] proved the following result.

Lemma 2.1. Let X be a real uniformly smooth Banach space. Then X is q-uniformly smooth if and only if there exists a constant
cq > 0 such that, for all x, y 2 X,

kxþ ykq
6 kxkq þ qhy; JqðxÞi þ cqkykq

:

From Lemma 2 of Liu [19], it is easy to have the following lemma.

Lemma 2.2. Let {an} and {bn} be two nonnegative real sequences satisfying

anþ1 6 kan þ bn

with 0 < k < 1 and bn ? 0. Then limn?1an = 0.

Definition 2.1. Let A, B: X ? X and H: X � X ? X be three single-valued mappings.

(i) A is said to be accretive if

hAx� Ay; Jqðx� yÞiP 0; 8x; y 2 X;

(ii) A is said to be strictly accretive if A is accretive and

hAx� Ay; Jqðx� yÞi ¼ 0;

if and only if x = y;
(iii) A is said to be d-strongly accretive if

hAx� Ay; Jqðx� yÞiP dkx� ykq
:

(iv) A is said to be c-Lipschitz continuous if there exists a constant c > 0 such that

kAx� Ayk 6 ckx� yk; 8x; y 2 X;
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