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1. Introduction

The Fibonacci sequence {F,} is defined by the recurrence relation
Fp=F,1+F,, forn>?2

with initial conditions Fo = 0 and F; = 1. There is a tradition of using polynomials to study Fibonacci numbers. Although
Fibonacci polynomials have been well studied, there was initially no common agreement on how to define this class of poly-
nomials. For example, Catalan [2] defined them by

fox)=0, f1(x)=1, fr1(%)=xfa(x)+fai-1(x),
while Jacobsthal [8] defined them by
fox) =0, f1(x) =1, fr1(X)=FfaX)+xfo1(x).

In [10], Schwerdtfeger presented a family of matrices

B ( 1 b > .
10
By induction, it can be checked that

L RD) b
B (fn,l(m b, »(b)

where the Fibonacci polynomials are defined by f, 1 (x) = fo(X) + xfn_1(x) with f_; = 0 and f, = 1. Clearly, we have f,(1) = F1.
In [11], Silvester showed that a number of the properties of the Fibonacci sequence can be derived from a matrix represen-
tation. From then on, there has been an amount of research devoted to this topic (see [6,9] for instance).

Let m > 2 be a fixed positive integer. We will consider two classes of polynomials, i.e., the generalized Fibonacci polyno-
mials {G,m(x)} and the generalized Lucas polynomials {g, ,(x)}, defined, respectively, by

Gn+m.m (X) = Gn+m—1‘m (X) + XGn.m (X)7 nz= 07 (1)

) forn>1,
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with initial conditions Gom(X) =0, Gum(x) =1, n=1,2,...,m—1 and
gn+m.m(x) = gn+m—],m(x) +Xgn‘m(x)7 nz= 07 (2)

with initial conditions gy ,,(X) =2, g,,(x) =1, n=1,2,...,m— 1. In this paper we call these polynomials the generalized
Fibonacci-type polynomials.

The polynomials G, »(2x) and g,,(2x) were considered in [7]. The polynomials G,»(2x) and g, ,(2x) are respectively con-
sidered to be the generalized Jacobsthal-type polynomials J,, ,(x) and j, ,,(x), which were studied by Djordjevic [4,5]. The gen-
eralized Fibonacci numbers G, (1) were studied in [1]. In particular, when m = 2 and x = 1, the numbers G,,(1) and g,,,(1)
are respectively reduced to the Fibonacci numbers F, and the Lucas numbers L,.

This paper is an extension of the work of Djordjevic [4,5]. The organization of the paper is as follows. In the next section,
we provide several recurrence relations for the generalized Fibonacci-type polynomials. In section 3, we prove some iden-
tities involving these polynomials by matrix method.

2. Recurrence relations

Here are the first few polynomials when m = 4:

Goa(X) = G14(X) = Goa(X) = G3a4(X) = Gaa(x) =1, Gsa(x)=1+x,
Goa(x) =14+2x, Gr4(X) =143x, Gga(X)=1+4x, Gog(X) =1+5x+x%
804(X) =2, Z14(X) =824(X) =834(X) =1, Zua(X) =1+2%, g54(x) =1+ 3%,
8ea(X) =1+4x, g7,4(x) =145, ggu(x) =1+6x+ 2x%, 8oa(X)=1+7x+ 5%°.

There are several properties that we can observe here. For example, look at the degree of the polynomials, we have
deg Gym(x) = |%] and degg, ,(x) = |2]. Now, we give a relation between these polynomials.

Proposition 1 [3, (1.10)]. For n > m — 1, we have
&nm (X) = Gn+1,m (X) + XGn—mH.m (X)

Proof. By Binet’s Formula [7], it is easy to verify that the result is true for m = 2. We will consider the case m > 3. We pro-
ceed by induction on n. Note that g, ,,(x) =1 =1+ 0 = G3 n(X) + XG3_mm(x), where the last equality comes from the defini-
tion of the first few terms of (1). So the statement is true for n = 2. Assume that the statement is true for n = k. Then

Sk+1m (X) = 8km (X) + X8k-m+1.m (X) = Gk+1.,m (X) + XGk—mH,m (X) + XkaerZ.m (X) + XZ Gk—2m+2.m (X)
= (Gk+1,m (X) + XGk—m+2.m (X)) + X(Gk—mﬂ,m (X) + XGI<—2m+2,m (X)) = Gk+2,m (X) + XGk—m+2.m(X)-

Thus the statement is true for k + 1, as desired. O
From (1) and (2), it is easy to verify that

t
=2 G =y

n=0

gnm 1t —xt"™

n=0

Explicitly, for n > m,

25 _1_ _
Gum(x) = (" o ”)xh
k=0

and
I
- n—(m—2)k<n7k(m—1)> ‘
) =) - x
L kz:(:) n—(m-1k k
We can now present the first main result of this paper.
Theorem 2. The polynomials G, m(X) and g, ,,(x) satisfy the following recurrence relations:
(Cl) X(Go,m(x) + Gl,m (X) + Gz‘m (X) +-+ Gn.m( )) = n+m m(x

) —
(CZ) Gi,m (X)Xn + Gm+i.m (X)Xn_] + G2m+i.m (X)Xn_z + -+ Gnm+1 m( ) nm+i+lm (X), for l = 17 2: Lo, — 1 H
(€3) GumX)X" ! + Gamm (X)X 2 + Gamm (X)X 2 + -+ - + Gamm(X) = Gumr1,m(X) — X", for n = 1;

1;
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