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a b s t r a c t

In this paper we consider a family of generalized Fibonacci-type polynomials. These poly-
nomials have a lot of similar properties to the generalized Jacobsthal-type polynomials. As
an extension of the work of Djordjević [G.B. Djordjević, Mixed convolutions of the Jacobs-
thal type, Appl. Math. Comput. 186 (2007) 646–651], we give some recurrence relations
and identities involving the generalized Fibonacci-type polynomials.

� 2011 Elsevier Inc. All rights reserved.

1. Introduction

The Fibonacci sequence fFng is defined by the recurrence relation

Fn ¼ Fn�1 þ Fn�2 for n P 2;

with initial conditions F0 ¼ 0 and F1 ¼ 1. There is a tradition of using polynomials to study Fibonacci numbers. Although
Fibonacci polynomials have been well studied, there was initially no common agreement on how to define this class of poly-
nomials. For example, Catalan [2] defined them by

f0ðxÞ ¼ 0; f 1ðxÞ ¼ 1; f nþ1ðxÞ ¼ xfnðxÞ þ fn�1ðxÞ;

while Jacobsthal [8] defined them by

f0ðxÞ ¼ 0; f 1ðxÞ ¼ 1; f nþ1ðxÞ ¼ fnðxÞ þ xfn�1ðxÞ:

In [10], Schwerdtfeger presented a family of matrices

B ¼
1 b

1 0

� �
:

By induction, it can be checked that

Bn ¼
fnðbÞ bfn�1ðbÞ

fn�1ðbÞ bfn�2ðbÞ

� �
for n P 1;

where the Fibonacci polynomials are defined by fnþ1ðxÞ ¼ fnðxÞ þ xfn�1ðxÞwith f�1 ¼ 0 and f0 ¼ 1. Clearly, we have fnð1Þ ¼ Fnþ1.
In [11], Silvester showed that a number of the properties of the Fibonacci sequence can be derived from a matrix represen-
tation. From then on, there has been an amount of research devoted to this topic (see [6,9] for instance).

Let m P 2 be a fixed positive integer. We will consider two classes of polynomials, i.e., the generalized Fibonacci polyno-
mials fGn;mðxÞg and the generalized Lucas polynomials fgn;mðxÞg, defined, respectively, by

Gnþm;mðxÞ ¼ Gnþm�1;mðxÞ þ xGn;mðxÞ; n P 0; ð1Þ
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with initial conditions G0;mðxÞ ¼ 0; Gn;mðxÞ ¼ 1; n ¼ 1;2; . . . ;m� 1 and

gnþm;mðxÞ ¼ gnþm�1;mðxÞ þ xgn;mðxÞ; n P 0; ð2Þ

with initial conditions g0;mðxÞ ¼ 2; gn;mðxÞ ¼ 1; n ¼ 1;2; . . . ;m� 1. In this paper we call these polynomials the generalized
Fibonacci-type polynomials.

The polynomials Gn;2ð2xÞ and gn;2ð2xÞ were considered in [7]. The polynomials Gn;mð2xÞ and gn;mð2xÞ are respectively con-
sidered to be the generalized Jacobsthal-type polynomials Jn;mðxÞ and jn;mðxÞ, which were studied by Djordjević [4,5]. The gen-
eralized Fibonacci numbers Gn;mð1Þ were studied in [1]. In particular, when m ¼ 2 and x ¼ 1, the numbers Gn;2ð1Þ and gn;2ð1Þ
are respectively reduced to the Fibonacci numbers Fn and the Lucas numbers Ln.

This paper is an extension of the work of Djordjević [4,5]. The organization of the paper is as follows. In the next section,
we provide several recurrence relations for the generalized Fibonacci-type polynomials. In section 3, we prove some iden-
tities involving these polynomials by matrix method.

2. Recurrence relations

Here are the first few polynomials when m ¼ 4:

G0;4ðxÞ ¼ 0; G1;4ðxÞ ¼ G2;4ðxÞ ¼ G3;4ðxÞ ¼ G4;4ðxÞ ¼ 1; G5;4ðxÞ ¼ 1þ x;

G6;4ðxÞ ¼ 1þ 2x; G7;4ðxÞ ¼ 1þ 3x; G8;4ðxÞ ¼ 1þ 4x; G9;4ðxÞ ¼ 1þ 5xþ x2;

g0;4ðxÞ ¼ 2; g1;4ðxÞ ¼ g2;4ðxÞ ¼ g3;4ðxÞ ¼ 1; g4;4ðxÞ ¼ 1þ 2x; g5;4ðxÞ ¼ 1þ 3x;

g6;4ðxÞ ¼ 1þ 4x; g7;4ðxÞ ¼ 1þ 5x; g8;4ðxÞ ¼ 1þ 6xþ 2x2; g9;4ðxÞ ¼ 1þ 7xþ 5x2:

There are several properties that we can observe here. For example, look at the degree of the polynomials, we have
deg Gn;mðxÞ ¼ n�1

m

� �
and deg gn;mðxÞ ¼ n

m

� �
. Now, we give a relation between these polynomials.

Proposition 1 [3, (1.10)]. For n P m� 1, we have

gn;mðxÞ ¼ Gnþ1;mðxÞ þ xGn�mþ1;mðxÞ:

Proof. By Binet’s Formula [7], it is easy to verify that the result is true for m ¼ 2. We will consider the case m P 3. We pro-
ceed by induction on n. Note that g2;mðxÞ ¼ 1 ¼ 1þ 0 ¼ G3;mðxÞ þ xG3�m;mðxÞ, where the last equality comes from the defini-
tion of the first few terms of (1). So the statement is true for n ¼ 2. Assume that the statement is true for n ¼ k. Then

gkþ1;mðxÞ ¼ gk;mðxÞ þ xgk�mþ1;mðxÞ ¼ Gkþ1;mðxÞ þ xGk�mþ1;mðxÞ þ xGk�mþ2;mðxÞ þ x2Gk�2mþ2;mðxÞ
¼ ðGkþ1;mðxÞ þ xGk�mþ2;mðxÞÞ þ xðGk�mþ1;mðxÞ þ xGk�2mþ2;mðxÞÞ ¼ Gkþ2;mðxÞ þ xGk�mþ2:mðxÞ:

Thus the statement is true for kþ 1, as desired. h

From (1) and (2), it is easy to verify that

Gðx; tÞ ¼
X
nP0

Gn;mðxÞtn ¼ t
1� t � xtm ;

gðx; tÞ ¼
X
nP0

gn;mðxÞtn ¼ 2� t
1� t � xtm :

Explicitly, for n P m,

Gn;mðxÞ ¼
Xbn�1

m c

k¼0

n� 1� kðm� 1Þ
k

� �
xk;

and

gn;mðxÞ ¼
Xbn

mc

k¼0

n� ðm� 2Þk
n� ðm� 1Þk

n� kðm� 1Þ
k

� �
xk:

We can now present the first main result of this paper.

Theorem 2. The polynomials Gn;mðxÞ and gn;mðxÞ satisfy the following recurrence relations:

ðc1Þ xðG0;mðxÞ þ G1;mðxÞ þ G2;mðxÞ þ � � � þ Gn;mðxÞÞ ¼ Gnþm;mðxÞ � 1;
ðc2Þ Gi;mðxÞxn þ Gmþi;mðxÞxn�1 þ G2mþi;mðxÞxn�2 þ � � � þ Gnmþi;mðxÞ ¼ Gnmþiþ1;mðxÞ, for i ¼ 1;2; . . . ;m� 1;
ðc3Þ Gm;mðxÞxn�1 þ G2m;mðxÞxn�2 þ G3m;mðxÞxn�2 þ � � � þ Gnm;mðxÞ ¼ Gnmþ1;mðxÞ � xn, for n P 1;
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