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a b s t r a c t

In this paper we analyze self-similar solutions of the semilinear wave equation Utt �DU �
Up = 0 for n > 3 space dimensions. We found several classes of analytic solutions labeled by
a single parameter, the form of which differ in the vicinity of the light cone. We also pro-
pose suitable numerical methods to study them.

� 2011 Elsevier Inc. All rights reserved.

1. Introduction

In many nonlinear PDEs blowup occurs, i.e., singularity is formed in finite time in evolution starting with smooth initial
conditions. Blowup is almost always connected with an interesting physical phenomenon (see [1] and references therein)
and it is often well described in terms of self-similarity. Spherically symmetric self-similar solutions are defined by

Uðt; rÞ ¼ ðT � tÞ�auðqÞ; q ¼ r
T � t

; ð1Þ

where r = jxj is the radius. This is a special type of the general self-similar solutions Uk = k�a U(t/k,x/k). Assuming that the
similarity profile u(q) is analytic, we obtain blowup when t ? T, therefore, it is crucial to have the detailed description of
self-similar profiles.

The example of PDE where blowup occurs is the semilinear wave equation with power nonlinearity

Utt � DU�Up ¼ 0; U ¼ Uðx; tÞ; x 2 Rn; ð2Þ

which will be examined in this paper. Solutions depend on two parameters p and n, which are integer numbers by assump-
tion. In this paper we limit ourselves to n > 3 and odd p > 2. If p is even, the nonlinear term Up should be replaced by jUjp�1U
to keep the reflection symmetry for U.

The Eq. (2) has the energy functional in the form [7]

E½U� ¼
Z

Rn
U2

t þ rUð Þ2 � 1
pþ 1

Upþ1
� �

dnx; ð3Þ

which scales on the general self-similar solutions as E[Uk] = kbE[U], where b ¼ ðn�2Þp�ðnþ2Þ
p�1 . In general, scaling is called subcrit-

ical for b < 0, supercritical for b > 0 and critical when b = 0. In our case the scaling is critical when

p ¼ pQ ¼
nþ 2
n� 2

: ð4Þ
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There is a vast literature that considers various aspects related to the Eq. (2) and its generalizations, e.g., [2–8]; for scat-
tering method approach see, e.g., [9]. Strichartz estimates and their applications are given in [10,11]. The application of Besov
space method is presented in [12,13]. We encourage the interested reader to study them. We will use (2) only as a starting
point in the search of its self-similar solutions.

It is well known that the Eq. (2) has two particular solutions [14]. The first one is obtained when we neglect coordinate
dependence and solve the resulting ODE

U0ðtÞ ¼
b0

ðT � tÞa
; b0 ¼

2ðpþ 1Þ
ðp� 1Þ2

 ! 1
p�1

; a ¼ 2
p� 1

; T > 0 ð5Þ

with the corresponding constant profile

u0ðqÞ ¼ b0: ð6Þ

The second one is the static spherically symmetric solution of the form

U1ðrÞ ¼ b1r�a; b1 ¼
2ðpðn� 2Þ � nÞ
ðp� 1Þ2

 ! 1
p�1

ð7Þ

and the associated self-similar profile

u1ðqÞ ¼ b1q�a ð8Þ

is unbounded when q tends to 0. The other self-similar profiles (we will also use the name self-similar solutions for profiles)
are obtained from second order ordinary differential equation for similarity profile 0 ¼ d

dq

� �
ð1� q2Þu00 þ n� 1

q
� 2ðpþ 1Þ

p� 1
q

� �
u0 � 2ðpþ 1Þ

ðp� 1Þ2
uþ up ¼ 0; ð9Þ

which results from substituting (1) into (2). Casual structure and finite speed of propagation introduced by (2) makes the
blowup at the point (t = T,r = 0) only connected with its past light cone, which corresponds to the interval q 2 [0;1]. This
is a main reason to investigate the existence of global analytic self-similar profiles of (9) on this interval. That solutions
of (9), if exist, connect two singular points q = 0 and q = 1 of this equation along analytic curve.

The paper is organized as follows. Starting from (9), we will study its analytic solutions. We begin from local existence
theorems at q = 0 and q = 1 in Section 2. Asymptotics at q = 0 is a generalization of the results from [14], but at q = 1 we
obtain several new classes of solution, which depend on a value of n, p and differ from each other in analytical form. Then
in Section 3, generalizing [14], we try to match these two asymptotics to obtain an analytic solution in the entire interval
q 2 [0;1]. This matching is only possible for some special initial data at both endpoints and values of n, p; the requirement
of smooth matching is a sort of quantization condition for the values of solution parameters. Solutions with these quantized
parameters obey remarkable scaling laws derived in Section 4. Apart form those known in the n = 3 case we observe also
qualitatively new shapes of this scaling. We also propose a special numerical method which is best suitable to explain
the global existence for one class of new-found solutions. In our studies we will be using mainly asymptotic methods
(see, e.g., [15,16]).

2. Local existence

In this section we examine local analytic solutions of (9) at both endpoints of [0;1]. We will be searching for power series
solutions which will be easily obtained by employing the Cauchy product [17]

X1
l¼0

alðx� x0Þl
 !p

¼
X1
l¼0

clðx� x0Þl;

c0 ¼ ap
0; cm ¼

1
ma0

Xm

l¼1

ðlp�mþ lÞalcm�l

ð10Þ

for m > 0, which simplifies nonlinear term in (9).

2.1. Local solution at q = 0

We start with the construction of the solution around q = 0. Substituting the formal power series uðqÞ ¼
P1

l¼0alql into (9)
and using (10) we get

X1
l¼�2

ðlþ 2Þðlþ nÞalþ2ql ¼
X1
l¼0

½lðl� 1Þ þ lð2aþ 2Þ þ aðaþ 1Þal � cl�ql; ð11Þ
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