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a b s t r a c t

In this paper, we study the existence of positive solutions for the nonlinear fractional dif-
ferential equation boundary value problem.

Da
0þuðtÞ ¼ kf ðuðtÞÞ; 0 < t < 1;

uð0Þ þ u0ð0Þ ¼ 0; uð1Þ þ u0ð1Þ ¼ 0;

where 1 < a 6 2 is a real number, Da
0þ is the Caputo fractional derivative, k > 0 and

f : [0,+1) ? (0,+1) is continuous. By using the properties of the Green function and
Guo–Krasnosel’skii fixed point theorem on cones, the eigenvalue intervals of the nonlinear
fractional differential equation boundary value problem are considered, some sufficient
conditions for the nonexistence and existence of at least one or two positive solutions
for the boundary value problem are established.

� 2011 Elsevier Inc. All rights reserved.

1. Introduction

Fractional differential equations have been of great interest recently. It is caused both by the intensive development of the
theory of fractional calculus itself and by the applications, see [1–6]. It should be noted that most of papers and books on
fractional calculus are devoted to the solvability of linear initial fractional differential equations on terms of special func-
tions. Recently, there are some papers dealing with the existence of solutions (or positive solutions) of nonlinear initial frac-
tional differential equation by the use of techniques of nonlinear analysis (fixed-point theorems, Leray–Schauder theory,
Adomian decomposition method, etc.), see [7–10]. In fact, there has the same requirements for boundary conditions. How-
ever, there are few papers considered the boundary value problems of fractional differential equation, see [11–16].

In [12], Zhang considered the existence of positive solutions for the following problem

Da
0þuðtÞ ¼ f ðt;uðtÞÞ; 0 < t < 1;

uð0Þ þ u0ð0Þ ¼ 0; uð1Þ þ u0ð1Þ ¼ 0;

where 1 < a 6 2 is a real number, Da
0þ is the Caputo fractional derivative, and f : [0,1] � [0,+1) ? [0,+1) is continuous. By

using the properties of the Green function and fixed point theorem on cones, some existence and multiplicity results of
positive solutions were obtained.

0096-3003/$ - see front matter � 2011 Elsevier Inc. All rights reserved.
doi:10.1016/j.amc.2011.01.103

q This research is supported by the Natural Science Foundation of China (11071143, 60904024, 11026112), China Postdoctoral Science Foundation funded
project (200902564), and supported by Shandong Provincial Natural Science Foundation (ZR2010AL002, ZR2009AL003, Y2008A28), also supported by
University of Jinan Research Funds for Doctors (XBS0843).
⇑ Corresponding author.

E-mail addresses: zhaoeager@126.com (Y. Zhao), sshrong@163.com (S. Sun), hanzhenlai@163.com (Z. Han), zhang123meng@163.com (M. Zhang).

Applied Mathematics and Computation 217 (2011) 6950–6958

Contents lists available at ScienceDirect

Applied Mathematics and Computation

journal homepage: www.elsevier .com/ locate /amc

http://dx.doi.org/10.1016/j.amc.2011.01.103
mailto:zhaoeager@126.com
mailto:sshrong@163.com
mailto:hanzhenlai@163.com
mailto:zhang123meng@163.com
http://dx.doi.org/10.1016/j.amc.2011.01.103
http://www.sciencedirect.com/science/journal/00963003
http://www.elsevier.com/locate/amc


To the best of our knowledge, there is very little known about the existence of positive solutions for the following
problem

Da
0þuðtÞ ¼ kf ðuðtÞÞ; 0 < t < 1; ð1:1Þ

uð0Þ þ u0ð0Þ ¼ 0; uð1Þ þ u0ð1Þ ¼ 0; ð1:2Þ

where 1 < a 6 2 is a real number, Da
0þ is the Caputo fractional derivative, k > 0 and f : [0,+1) ? (0,+1) is continuous.

In this paper, analogy with boundary value problems for differential equations of integer order, we firstly give the corre-
sponding Green function named by fractional Green’s function and some properties of the Green function, see [12]. Conse-
quently, the problem (1.1), (1.2) is reduced to a equivalent Fredholm integral equation. Finally, by using the properties of the
Green function and Guo–Krasnosel’skii fixed point theorem on cones, the eigenvalue intervals of the nonlinear fractional dif-
ferential equation boundary value problem are considered, some sufficient conditions for the nonexistence and existence of
at least one or two positive solutions for the boundary value problem are established.

2. Preliminaries

For the convenience of the reader, we give some background materials from fractional calculus theory to facilitate anal-
ysis of problem (1.1), (1.2). These materials can be found in the recent literature, see [3,12,17,18].

Definition 2.1. ([17]) The Caputo fractional derivative of order a > 0 of a continuous function f : (0,+1) ? R is given by

Da
0þ f ðtÞ ¼ 1

Cðn� aÞ

Z t

0

f ðnÞðsÞ
ðt � sÞa�nþ1 ds;

where n is the smallest integer greater than or equal to a, provided that the right side is pointwise defined on (0,+1).

Definition 2.2. ([17]) The Riemann–Liouville fractional integral of order a > 0 of a function f : (0,+1) ? R is given by

Ia0þ f ðtÞ ¼ 1
CðaÞ

Z t

0
ðt � sÞa�1f ðsÞds;

provided that the right side is pointwise defined on (0,+1).

Remark 2.1. ([3]) By Definition 2.1, under natural conditions on the function f (t), for a ? n Caputo’s derivative becomes a
conventional n-th derivative of the function f (t).

Remark 2.2. As a basic example,

Da
0þ tl ¼ lðl� 1Þ � � � ðl� nþ 1ÞCð1þ l� nÞ

Cð1þ l� aÞ t
l�a; for t 2 ð0;1Þ;

given in particular Da
0þ tl ¼ 0; l ¼ 0;1; . . . ;n� 1; where Da

0þ is the Caputo fractional derivative, n is the smallest integer
greater than or equal to a.

In fact, for t 2 (0,+1),

Da
0þ tl ¼ 1

Cðn� aÞ

Z t

0

ðtlÞðnÞ

ðt � sÞa�nþ1 ds ¼ 1
Cðn� aÞlðl� 1Þ � � � ðl� nþ 1Þtl�a

Z 1

0
zl�nð1� zÞn�a�1dz

¼ lðl� 1Þ � � � ðl� nþ 1ÞCð1þ l� nÞ
Cð1þ l� aÞ t

l�a:

Thus,

Da
0þ tl ¼ lðl� 1Þ � � � ðl� nþ 1ÞCð1þ l� nÞ

Cð1þ l� aÞ t
l�a ¼ 0; for l ¼ 0;1; . . . ;n� 1:

From the definition of the Caputo derivative and Remark 2.2, we can obtain the following statement.

Lemma 2.1. Let a > 0. Then the fractional differential equation

Da
0þuðtÞ ¼ 0

has u(t) = C0 + C1t + C2t2 + � � � + Cn�1tn�1, Ci 2 R, i = 0,1,2,. . .,n � 1, as unique solutions, where n is the smallest integer greater than
or equal to a.
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