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a b s t r a c t

This paper deals with the problems of eigenvalue estimation for the solution to the per-
turbed matrix Lyapunov equation. We obtain some eigenvalue inequalities on condition
that X is a positive semidefinite solution to the equation ATXA � X = �Q, which can be used
in control theory and linear system stability.

� 2011 Elsevier Inc. All rights reserved.

1. Introduction

In this paper, let Cm�n be the set of m � n complex matrices, and Cm�n
r , consisting of matrices with rank r, be the subset of

Cm�n. Let Ir be the identity matrix of order r. Given A 2 Cm�n
r . The symbols AT, AH, and r(A) stand for the transpose, conjugate

transpose, and rank of A, respectively. Let A 2 Cm�n. Denote the eigenvalues of A by k1(A),k2(A), . . . ,kn(A), and the singular val-
ues of A by r1(A),r2(A), . . . ,rn(A). We further assume that the eigenvalues, if they are all real, and the singular values are ar-
ranged in decreasing order. For Hermitian matrices A and B, as usual, we write A P 0 if A is positive semidefinite
(nonnegative definite), A > 0 if A P 0 and A is nonsingular, and A P B if A � B P 0.

We then turn our attention to investigate the discrete Lyapunov matrix equation

AT XA� X ¼ �Q ; ð1Þ

where A 2 Rn�n, and Q P 0.
Such a type of the equation arouses many applications in control theory and linear system stability [1–9]. If the coefficient

matrix A in (1) is perturbed, then the equality (1) can be characterized by the following equation

X ¼ Q þ ðAþ DAÞT XðAþ DAÞ; ð2Þ

When both matrices A and Q in (1) are perturbed, the equality (1) can be written as

X ¼ Q þ DQ þ ðAþ DAÞT XðAþ DAÞ; ð3Þ

where Q P 0, and DQ P 0.
There is a unique symmetric positive definite solution to Eqs. (2) and (3)—assuming that both the matrix pares

Aþ DA; ðQ þ DQÞ
1
2

� �
and Aþ DA;Q

1
2

� �
are steady [10]. In the following Theorems 1–4, we always assume that the matrix

pare in (2) or (3) is steady.
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Lemma 1 (LidskiWielandt, [11]). Let A and B 2 Cn�n be Hermitian matrix. Then

Xk

t¼1

kit ðAþ BÞP
Xk

t¼1

kit ðAÞ þ
Xk

t¼1

kn�tþ1ðBÞ; ð4Þ

Xk

t¼1

kit ðAþ BÞ 6
Xk

t¼1

kit ðAÞ þ
Xk

t¼1

ktðBÞ; ð5Þ

where 1 6 i1 < i2 < � � � < ik 6 n.
In particular, when it = 1,2, . . . ,k, both inequalities (4) and (5) can be respectively changed into the following forms:

Xk

i¼1

kiðAþ BÞP
Xk

i¼1

kiðAÞ þ
Xk

i¼1

kn�iþ1ðBÞ;

Xk

i¼1

kiðAþ BÞ 6
Xk

i¼1

kiðAÞ þ
Xk

i¼1

kiðBÞ:

Lemma 2 [12]. Let A and B 2 Cn�n be positive semidefinite Hermite matrix. Then

Xk

t¼1

kit ðAÞkn�itþ1ðBÞ 6
Xk

t¼1

kit ðABÞ 6
Xk

t¼1

kit ðAÞktðBÞ;

where 1 6 i1 < i2 < � � � < ik 6 n.

Lemma 3. Let A, B 2 Hn�n. Then

(i)
Xk

t¼1

kn�tþ1ðAþ BÞ 6
Xk

t¼1

kit ðAÞ þ
Xk

t¼1

kn�itþ1ðBÞ:

(ii)
Xk

t¼1

ktðAþ BÞP
Xk

t¼1

kit ðAÞ þ
Xk

t¼1

kn�itþ1ðBÞ:

(iii)
Xk

t¼1

kn�itþ1ðAþ BÞP
Xk

t¼1

kn�tþ1ðAÞ þ
Xk

t¼1

kn�itþ1ðBÞ:

where 1 6 i1 < i2 < � � � < ik 6 n.

Proof. By the inequality (4) in Lemma 1, we get

Xk

t¼1

kit ðAÞ ¼
Xk

t¼1

kit ½ð�BÞ þ ðAþ BÞ�P
Xk

t¼1

kit ð�BÞ þ
Xk

t¼1

kn�tþ1ðAþ BÞ ¼ �
Xk

t¼1

kn�itþ1ðBÞ þ
Xk

t¼1

kn�tþ1ðAþ BÞ:

This implies the inequality (i) holds. Similarly, we can prove the inequalities (ii). By using inequality (i), we can infer that

Xk

t¼1

kn�tþ1ðAÞ 6
Xk

t¼1

kn�itþ1ðAþ BÞ þ
Xk

t¼1

kit ð�BÞ ¼
Xk

t¼1

kn�itþ1ðAþ BÞ �
Xk

t¼1

kn�itþ1ðBÞ:

Hence, inequality (iii) holds. h

2. Main results

Firstly, we investigate the matrix Eq. (2), in which the coefficient matrix A is perturbed only.

Theorem 1. For any n-by-n real matrix A, perturbed matrix DA, and real positive semidefinite matrix Q, if X is a positive
semidefinite solution to the perturbed matrix Eq. (2), and 1 6 i1 < i2 < � � � < ik 6 l 6 n, then

Xk

t¼1

kn�lþit ðXÞ 6
Xk

t¼1

ktðQÞ þ
Xk

t¼1

kn�lþit ðXÞr2
n�lþtðAþ DAÞ:
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