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ARTICLE INFO ABSTRACT

Keywords: This paper deals with the problems of eigenvalue estimation for the solution to the per-
LyaPUHOV equation turbed matrix Lyapunov equation. We obtain some eigenvalue inequalities on condition
E}genVAIUE that X is a positive semidefinite solution to the equation A’XA — X = —Q, which can be used
Singular value in control theory and linear system stability.
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1. Introduction

In this paper, let C™" be the set of m x n complex matrices, and C;"*", consisting of matrices with rank r, be the subset of
™", Let I, be the identity matrix of order r. Given A € C™™". The symbols A, A¥, and r(A) stand for the transpose, conjugate
transpose, and rank of A, respectively. Let A € C™*". Denote the eigenvalues of A by /1(A), 22(A),. .., A,(A), and the singular val-
ues of A by g1(A),52(A),...,a,(A). We further assume that the eigenvalues, if they are all real, and the singular values are ar-
ranged in decreasing order. For Hermitian matrices A and B, as usual, we write A > 0 if A is positive semidefinite
(nonnegative definite), A>0 if A > 0 and A is nonsingular, and A > Bif A— B > 0.

We then turn our attention to investigate the discrete Lyapunov matrix equation

ATXA-X = —Q, (1)

where A€ R™", and Q > 0.
Such a type of the equation arouses many applications in control theory and linear system stability [1-9]. If the coefficient
matrix A in (1) is perturbed, then the equality (1) can be characterized by the following equation

X=Q+ (A+AA)X(A+ AA), (2)
When both matrices A and Q in (1) are perturbed, the equality (1) can be written as
X =Q+AQ + (A+ AA)X(A + AA), (3)

where Q > 0, and AQ > 0.
There is a unique symmetric positive definite solution to Egs. (2) and (3)—assuming that both the matrix pares
A+ AA (Q + AQ)% and (A + AA, Q%> are steady [10]. In the following Theorems 1-4, we always assume that the matrix

pare in (2) or (3) is steady.
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Lemma 1 (LidskiWielandt, [11]). Let A and B € C"*" be Hermitian matrix. Then

k k k
Z iy (A+B) Z ;wf )+ Z n-t+1(B), (4)
t=1 t=1 t=1

k k k
D hiA+B) <D i(A) (B), (5)
t=1 t=1 t=1

where 1 <ij<iy<---<ip<n

In partlcular, When ir=1,2,...,k, both inequalities (4) and (5) can be respectively changed into the following forms:

Lemma 2 [12]. Let A and B € C"*" be positive semidefinite Hermite matrix. Then

k k k
D i (A)in i1 (B) <D 4 (AB) <Y 4y (A)k(B)
t=1 t=1 t=1

where 1 <iy<ir<---<ip<n

Lemma 3. Let A, Be H"". Then

k
(i) Z In-ts1(A+B) < Z Zi (A Z in—i+1(B)-

t=1 t=1

k k k
(i) > 4(A+B) = > 4(A)+ > ini1(B
t=1 t=1 t=1

k

k k
(i) Y it (A+B) =D dnri1(A) + Y nsic1(B)

t=1 t=1 t=1
where 1 <ij<iy<---<ip<n

Proof. By the inequality (4) in Lemma 1, we get
k k

k k
Z;“ir Z’“lr A+B Zlh +ZAH t+1 A+B Zln 1[+1 ) + Zln—wl (A +B)~
t=1

t=1 t=1 t=1

This implies the inequality (i) holds. Similarly, we can prove the inequalities (ii). By using inequality (i), we can infer that

k k k k
D 1 (A) <Y dni(A+B) + Z Fi(~B) = i i1(A+B) = ini1(B)
t=1 t=1 t=1 t=1 t=1

Hence, inequality (iii) holds. O

2. Main results
Firstly, we investigate the matrix Eq. (2), in which the coefficient matrix A is perturbed only.

Theorem 1. For any n-by-n real matrix A, perturbed matrix AA, and real positive semidefinite matrix Q, if X is a positive
semidefinite solution to the perturbed matrix Eq. (2), and 1 <i; <iy<---<i, <1< n, then

k k k
D i X) <Y (Q) 4 Y dn i (X) T, (A+ AA).
t=1 t=1 t=1
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