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a b s t r a c t

The number kq ¼ 2 cosðp=qÞ; q 2 N; q P 3, appears in the study of Hecke groups which are
Fuchsian groups, and in the study of regular polyhedra. There are many partial results
about the minimal polynomial of this algebraic number. Here we obtain the general for-
mula and it is Möbius inversion for this minimal polynomial by means of the Dickson poly-
nomials and the Möbius inversion theory. Moreover, we investigate the homogeneous
cyclotomic, Chebychev and Dickson polynomials in two variables and we show that our
main results in one variable case nicely extend to this situation. In this paper, the deep
results concerning these polynomials are proved by elementary arguments.

� 2011 Elsevier Inc. All rights reserved.

1. Introduction and motivation

Let fq = e2pi/q be a primitive qth root of unity. Then fqþf�1
q

2 ¼ cos 2p
q

� �
. Throughout this paper we denote the minimal poly-

nomial of cos 2p
q

� �
over Q by wq(x). Let Tn(x) denote the nth Chebychev polynomial defined through the identity

Tnðcos hÞ ¼ cosðnhÞ:

The first few Tn(x) polynomials are T0(x) = 1, T1(x) = x, T2(x) = 2x2 � 1, T3(x) = 4x3 � 3x, T4(x) = 8x4 � 8x2 + 1, T5(x) = 16x5 �
20x3 + 5x. It is well-known that Tn(x) has degree n and the leading coefficient is 2n�1. As Tn(x) is not monic, we use the
normalisation of it denoted by Dn(x) called as the Dickson polynomial: Dn(x) = 2Tn(x/2). Dickson polynomials are explicitly
given in [9] by

DnðxÞ ¼
X½n=2�

i¼0

ð�1Þi n
n� i

n� i

i

� �
xn�2i;

where [n/2] denotes the greatest integer 6n/2. Therefore the degree of Dn(x) is n. The first few Dns are D0(x) = 2, D1(x) = x,
D2(x) = x2 � 2, D3(x) = x3 � 3x, D4(x) = x4 � 4x2 + 2 and D5(x) = x5 � 5x3 + 5x.

From the well-known decomposition identity

cosðnhÞ ¼ 2n�1
Yn

k¼1

ðcosðhÞ � cosððk� 1=2Þp=nÞÞ

we have the factorisation of Dickson polynomials
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DnðxÞ ¼
Yn

k¼1

ðx� 2 cosððk� 1=2Þp=nÞÞ

and these polynomials are a special case of the hypergeometric function 2F1(a,b;c;z) as

DnðxÞ
2
¼ 2F1ð�n;n; 1=2; 1=4ð2� xÞÞ;

where 2F1ða; b; c; zÞ ¼ CðcÞ
CðbÞCðc�bÞ

R 1
0

tb�1ð1�tÞc�b�1

ð1�tzÞa dt, see [1].
Dickson polynomials have various properties and applications in a variety of areas. In particular, Dickson polynomials

play a fundamental role in the theory of permutation polynomials over finite fields. For a prime power q, let Fq denote
the finite field containing q elements. It is known that the Dickson polynomial Dn(x) is a permutation polynomial on Fq if
and only if (n,q2 � 1) = 1. The real importance of Dickson polynomials in the theory of permutations comes from the Schur
conjecture. In 1923, Schur conjectured in [8] that there are no other integral polynomials that permute the field Fq for infi-
nitely many prime numbers other than compositions of power polynomials xn, Dickson polynomials, and rational linear
polynomials. This conjecture was proved by Fried [6].

There are many reasons for being interested in the minimal polynomials of the numbers kq = 2cos(p/q) for q P 3; q 2 N.
First for all, we are motivated by the following phenomenon. In the formula of Dickson polynomials, if we put h = p/q, then

Dnð2 cos p=qÞ ¼ 2 cosðnp=qÞ ¼ fn
q þ f�n

q :

It is well-known that the number kq is very important in the theory of Hecke groups. The group generated by RðzÞ ¼ � 1
z and

SðzÞ ¼ � 1
zþkq

is denoted by H(kq) and is called the Hecke group. For kq = 2cos(p/q), H(kq) is a finitely generated discrete sub-
group of PSLð2;RÞ, (the group of isometries of the upper half plane). For q P 3, the fundamental region for H(kq) is given by

Fq ¼ fz 2 C : IðzÞ > 0; jRðzÞj < kq=2; jzj > 1g:

On the other hand, the numbers kq = 2cos(p/q) and aq = cos(2p/q) are special Gaussian periods. In mathematics Gaussian
periods permit explicit calculations in cyclotomic fields connected with Galois theory and with discrete Fourier transform.
Indeed, Gaussian periods are closely related to Gauss sums which are linear combinations of Gauss periods. They have many
applications in Number theory, for instance in primality testing [7] and in the theory of compass and straightedge construc-
tions. For all these interactions and for their consequences which ensue from it, it seems necessary to have a more complete
study of the minimal polynomial of kq and aq = cos(2p/q). In this paper, we shall deal with these minimal polynomials. We
denote by P�qðxÞ and wq(x), the minimal polynomials of kq and aq = cos(2p/q), respectively.

The main aim of this paper is to obtain explicit formulas for P�qðxÞ and wq(x) by means of Möbious inversion formula. So far
in the literature, there are only some partial results on P�qðxÞ if q is odd, see [3,2,10]. Here we obtain this polynomial both for
odd and even q cases, covering all situations. Another reason is that we generalised the following theorem and we investi-
gated its analogue by replacing wq by P�q. In [5,10], two relations between wn(x) and Tn(x) are given as follows:

Theorem 1 ([5,10]).

(1) If n = 2s + 1 is odd, then

Tsþ1ðxÞ � TsðxÞ ¼ 2s
Y
djn

wdðxÞ:

(2) If n = 2s is even, then

Tsþ1ðxÞ � Ts�1ðxÞ ¼ 2s
Y
djn

wdðxÞ:

Here we will give two relations between P�qðxÞ and Dickson polynomials.
Note that the degree of the extension Qðcos 2p=nÞ over Q is equal to the degree of the minimal polynomial of cos 2p/n

over Q. Note that

QðfnÞ � Qðcos 2p=nÞ � Q

and ½QðfnÞ : Q� ¼ uðnÞ. Also as fn is a root of the quadratic polynomial

x2 � 2 cosð2p=nÞxþ 1;

½QðfnÞ : Qðcos 2p=nÞ� ¼ 1 or 2. If n P 3, fn is not real, then

½QðfnÞ : Qðcos 2p=nÞ� ¼ 2:

Therefore the following holds

deg wnðxÞ ¼
1 if n ¼ 1;2;
uðnÞ=2 if n P 3:

�
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