
Quasilinear iterative scheme for a fourth-order differential equation
with retardation and anticipation q

Yufeng Sun a, Peiguang Wang b,⇑
a College of Mathematics and Information Science, Shaoguan University, Shaoguan 512005, China
b College of Electronic and Information Engineering, Hebei University, Baoding 071002, China

a r t i c l e i n f o

Keywords:
Differential equation with retardation and
anticipation
Error
Quasilinear iterative scheme
Approximate quasilinear iterative scheme
Approximate solution

a b s t r a c t

In this paper, the estimations of error between the approximate solution and the solution
for a fourth-order differential equation with retardation and anticipation are given by
employing the quasilinear iterative scheme and the approximate quasilinear iterative
scheme.
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1. Introduction

In this paper, we consider the following boundary value problem of a fourth-order differential-difference equation

xð4ÞðtÞ � c1xð4Þðt � s1Þ � c2xð4Þðt þ s2Þ ¼ f ðt; �xðtÞ; �xðt � s1Þ; �xðt þ s2ÞÞ; a < t < b;

xðtÞ ¼ 0; t 2 ½a� s1; a� [ ½b; bþ s2�;
x0ðaþ 0Þ ¼ 0; x0ðb� 0Þ ¼ 0;

8><
>: ð1:1Þ

where �xðtÞ ¼ ðxðtÞ; x0ðtÞ; x00ðtÞ; x000ðtÞÞ; �xðt þ DÞ ¼ ðxðt þ DÞ; x0ðt þ DÞ; x00ðt þ DÞ; x000ðt þ DÞÞ; ðD ¼ �s1; s2Þ. s1, s2 are positive num-
bers, and assume jc1j + jc2j < 1, f is continuous in t.

Functional differential equation with both retardation and anticipation provide a mathematical model for the current
evolution process of such systems. This study was propelled by the fact that specific equations with retardation and antic-
ipation appear in modeling [1,2]. Recently, there are some results of existence theory and quadratic convergence on such
equations, we can refer to the monograph of Lakshmikantham and Vatsala [3], papers of Wang and Li [4], Wang [5,6], Bhas-
kar and Lakshmikantham [7], Bernfeld et al. [8], Bhaskar et al. [9], Dricia et al. [10] and references cited therein. In general,
the analytical solution of such equations are difficult to obtain. The problem of approximation of solutions has attracted a lot
of attention during the past decades. For example, Agarwal and Chow [11], Sun and Wang [12] gave Picard’s iterative results
and the approximate Picard’s iterative results for a four order ordinary differential equations and a four order functional dif-
ferential equations with retardation and anticipation respectively. However, to the best of our knowledge, there are few re-
sults on the iterative and approximate iterative solution, especially the estimation of error between the approximate
solution and the solution. Motivated by Agarwal and Chow [11], We shall, in this paper, discuss the estimations of the error
between the approximate solution and the solution are given by the quasilinear iterative scheme and the approximate quasi-
linear iterative scheme.
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2. Preliminaries

In order to state our results, we need some notions and Lemmas which are important to our results.

Definition 2.1. A function x(t) is called a solution of the BVP (1.1). If (I) x(t) 2 C(3)[a � s1,b + s2], (II) x(t) satisfies boundary
condition, (III) Eq. (1.1) holds for t 2 [a,b], t – a + ks1, t – b � ks2(k 2 Z+).

Lemma 2.1 (see [6]). Let x(t) 2 K = {x(t): x(4) (t) on [a,b] has only some limited discontinuous points of the first kind, x(t) = 0,
t 2 [a � s1,a] [ [b,b + s2], x

0
(a + 0) = x

0
(b � 0) = 0}, then

jxðkÞðtÞj 6 C4;kðb� aÞ4�kM; a� s1 6 t 6 bþ s2; k ¼ 0;1;2;3; ð2:1Þ

where M ¼maxa6t6bjxð4ÞðtÞj; C4;0 ¼ 1
384 ; C4;1 ¼ 1

72
ffiffi
3
p ; C4;2 ¼ 1

12 ; C4;3 ¼ 1
2.

Lemma 2.2 (Toeplitz Lemma). For any 0 6 a < 1, let Sm ¼
Pm

i¼0am�idi; di 2 R; i ¼ 0;1;2; . . . ;m. Then

lim
m!1

Sm ¼ 0 if and only if lim
m!1

dm ¼ 0: ð2:2Þ

Define the Green’s function as follows:

Gðt; sÞ ¼ 1

6ðb� aÞ2

ðt � aÞ2ðb� sÞ2 ðs� tÞ þ 2ðb�tÞðs�aÞ
ðb�aÞ

� �
; a 6 t 6 s 6 b;

ðs� aÞ2ðb� tÞ2 ðt � sÞ þ 2ðt�aÞðb�sÞ
ðb�aÞ

� �
; a 6 s 6 t 6 b;

0; a� s1 6 s < a or b < s 6 bþ s2:

8>>><
>>>:

Definition 2.2. A function z(t) is called an approximate solution of the BVP (1.1), if there exists a constant e > 0 such that

max
a6t6b

jzð4ÞðtÞ � c1zð4Þðt � s1Þ � c2zð4Þðt þ s2Þ � f ðt; �zðtÞ;�zðt � s1Þ;�zðt þ s2ÞÞj < e; ð2:3Þ

and

zðtÞ ¼ 0; t 2 ½a� s1; a� [ ½b; bþ s2�; z0ðaþ 0Þ ¼ 0; z0ðb� 0Þ ¼ 0:

In fact, the approximate solution z(t) can be expressed as:

zðtÞ ¼
Z bþs2

a�s1

Gðt; sÞ f ðs; �zðsÞ;�zðs� s1Þ;�zðsþ s2ÞÞ þ c1zð4Þðs� s1Þ þ c2zð4Þðsþ s2Þ þ gðsÞ
� �

ds; ð2:4Þ

in which

gðtÞ ¼ zð4ÞðtÞ � c1zð4Þðt � s1Þ � c2zð4Þðt þ s2Þ � f ðt; �zðtÞ;�zðt � s1Þ;�zðt þ s2ÞÞ; max
a6t6b

jgðtÞj 6 e:

Definition 2.3. The function f is said to be of the Lipschitz class, if for all ðt; �uðtÞ; �uðt � s1Þ; �uðt þ s2ÞÞ; ðt; �vðtÞ;
�vðt � s1Þ; �vðt þ s2ÞÞ 2 ½a; b� � D; D � R12, the following inequality is satisfied

jf ðt; �uðtÞ; �uðt � s1Þ; �uðt þ s2ÞÞ � f ðt; �vðtÞ; �vðt � s1Þ; �vðt þ s2ÞÞj
6 sum3

j¼0fhjþ1juðjÞðtÞ � v ðjÞðtÞj þ ljþ1juðjÞðt � s1Þj � v ðjÞðt � s1Þ þmjþ1juðjÞðt þ s2Þ � v ðjÞðt þ s2Þjg; ð2:5Þ

in which hj+1, lj+1, mj+1 and N are nonnegative constants, and

D¼ ð�xðtÞ;�xðt� s1Þ;�xðtþ s2ÞÞ : jxðjÞðtÞ � zðjÞðtÞj6 NC4;j

C4;0ðb� aÞj
; jxðjÞðtþDÞ � zðjÞðt�DÞj6 NC4;j

C4;0ðb� aÞj
;D¼�s1;s2; 06 j6 3

( )
:

Denote: R4 = {x(t): x(t) 2 C(3)[a � s1,b + s2]; x(t) = 0, t 2 [a � s1,a] [ [b,b + s2], x
0
(a + 0) = x

0
(b � 0) = 0; x(4)(t) on [a,b] has

only some limited discontinuous points of the first kind}.
For x(t) 2 R4, we define the norm

kxk ¼max
06j63

C4;0ðb� aÞj

C4;j
max
a6t6b

jxðjÞðtÞj;C4;0ðb� aÞj

C4;j
max
a6t6b

jxðjÞðt þ DÞj;D ¼ �s1; s2

( )
:

It is easy to verify R4 is a Banach space and we can obtain the following Lemma by simple calculus.
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