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ARTICLE INFO ABSTRACT

Keywords: This paper is concern analytic solutions of an iterative functional equation of the form
Iterative functional equation

Analytic solution f(p(z) + Q(f(z))) = h(f(Z)).Z eC.

Auxiliary equation Byconstructing a convergent power series solution of an auxiliary equation
Convergent power series

8(6(a*2) - p($(02))) = h(g($(02) — p($(2)))),Z € C,

analytic solutions of the original equation are obtained. We discuss not only these o ap-
peared in the auxiliary equation at the hyperbolic case 0 < || # 1 and resonance, i.e., at
aroot of the unity, but also those o near resonance (i.e., near a root of the unity) under Brju-
no condition.

© 2011 Elsevier Inc. All rights reserved.

1. Introduction

Invariant curves of the area preserving maps play an important role in the theory of periodic stability of discrete dynam-
ical systems. A common and useful method to understand behaviors of a discrete dynamical system generated by the iter-
ation of a self-mapping is to find a simple structures in its phase space and to describe the dynamics in terms of the effect
caused by the presence of these structures. In particular, invariant curve, in dimension two, is one of such structures. Dia-
mond [1] researched the existence of analytic invariant curves for two-dimensional maps of the form

T(x,y) = (x+y,y(1 + px*) + F(x,y)).

For an investigation of other related problems the interested reader is referred to [2-12] and the monograph [13]. In partic-
ular, Wen Rong Li and Sui Sun Cheng [4] discussed the analytic solutions of functional equation

f(p(z) + bf(2)) = h(z) (1.1)

by using the method of majorant series. The purpose of this paper is to find invertible and linearizable invariant analytic
curves of the 2-D complex map T : C? — C2, (z,w) — (z;,w;), defined by

{21 =p(2) +q(w),

i = hw), (1.2)

Throughout this paper, we assume that p(z), q(z) and h(z) are analytic in a neighborhood of the origin, and
p(0) =0,h(0)=0,q(0)=0,p'(0) = ¢ = 0,h'(0) =1 = 0 and q'(0) = { # 0. Clearly, map T has a fixed point O = (0,0) with the Jacobian
matrix
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A=DT(0) = (é é)

at 0. Its characteristic polynomial is
Pa(2) = o — (E+m)o+&n.

As is well known that a curve w = f{z) is said to be an invariant curve of T if w; = f(z;). Thus, we see that map T has an invariant
curve w = f{z) if and only if f satisfies the functional equation

f(p(2) +4(f(2))) = h(f(2)), ze C. (1.3)

The results of this paper can be regarded as a generalization of the results obtained in [4].
From the above assumptions, it is easy to see that the inverse function of q(z) exists and is analytic in a neighborhood of
the g(0) = 0. We denote the inverse function of q(z) by g(z) and consider the following equation

8(6(2’z) — p($(02))) = h(g($(02) — p($(2)))), z € C, (14)

which is called the auxiliary equation of (1.3). We first construct analytic solutions of (1.4) in the cases:

(H1) O <o # 1.

(H2) o =e*™, where 0 € R\ Q is a Brjuno number ([14] and [15]), i.e., B(#) = Z;(’iol"gq% < oo, where {pi/qx} denotes the
sequence of partial fraction of the continued fraction expansion of 0, said to satisfy the Brjuno condition.

(H3) o =e*™ 9P for some integers p € N withp > 2 and g e Z\ {0}, and oo = e?™/*forall1<k<p—1andlez\{0}.

Observe that « is the inside or outside of the unit circle S! in the case of (H1) but on S! in the rest cases. More difficulties are
encountered for o on S', as mentioned in the so-called “small-divisor problem” (seen in [16] p. 22 and p. 146 and [17]). Under
Diophantine condition: o = €™, where 0 € R \ Q and there exist constants ¢ > 0 and ¢ > 0 such that |o" — 1| > {~'n~ for all
n > 1, the number « € S' is “far” from all roots of the unity and was considered in different settings [10-12]. In [10] the case
of (H3), where o is a root of the unity, was also discussed for a general class of iterative equations. Since then, we have been
striving to give a result of analytic solutions for those o “near” a root of the unity, i.e., neither being roots of the unity nor
satisfying the Diophantine condition.

The Brjuno condition in (H2) provides such a chance for us. As stated in [18], for a real number 0, we let [0] denote its
integer part and {6} = 0 — [0] its fractional part. Then every irrational number 6 has a unique expression of the Gauss’ con-
tinued fraction

0=ao+0o=0ao+

al+01:“.

denoted simply by 0=[ao,a1,....an,...], where as and 0;'s are calculated by the algorithm: (a) ao=[0], 0o ={0}, and (b)

a, = [(,n%], On = {0:—4} for all n > 1. Define the sequences (p,),.y and (q,),., as follows:

neN neN

q,=1,9,=0, q,=anq,_1 +qn_3;
p,=0,p =1, pp=aPy1+DPno

It is easy to show that p,/q, =[ao.a1,. . ..a,]. Thus, For every 0 € R\ @ we associate, using its convergence, an arithmetical
function B(6) = ", “’gq# We say that 0 is a Brjuno number or that it satisfies Brjuno condition if B(0) <+co. The Brjuno con-
dition is weaker than the Diophantine condition. For example, if a,,; < ce® for all n > 0, where c >0 is a constant, then
0 =[ap,ay,....an...] is a Brjuno number but is not a Diophantine number. So, the case (H2) contains both Diophantine con-
dition and a part of o “near” resonance.

In this paper, considering the Brjuno condition instead of the Diophantine one, we discuss not only the cases (H1) and
(H3) but also (H2) for analytic invariant curves of the mapping T defined in (1.2).

2. Substituting power series in Eq. (1.4)

Let

00 o0

p@) = w2, h@)=> ', g2)= g2 @ =& =1, g=5=
n=1

n=1 n=1

. 2.1)

T

Without loss of generality , we can assume that
|aﬂ|<]7 |C"|<17 ‘gn|<l’ n:2737"" (22)
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