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a b s t r a c t

We study the structure of eigenvalues of a class of boundary value problems of fourth order
difference equation

D4yi þ biþ2yiþ2 ¼ kaiþ2yiþ2; �1 6 i 6 n� 2;

Dy0 ¼ D3y�1 ¼ Dyn ¼ D3yn�1 ¼ 0:

The monotone behavior of the eigenvalues as the sequences faign
i¼1 and fbign

i¼1 change is
obtained in this paper.

� 2011 Elsevier Inc. All rights reserved.

1. Introduction

Boundary value problems have important applications in physics, chemistry, and biology. For example, the boundary va-
lue problem

uð4ÞðtÞ þ pðtÞuðtÞ ¼ qðtÞf ðuðtÞÞ; 0 6 t 6 1; ð1Þ
u0ð0Þ ¼ u000ð0Þ ¼ u0ð1Þ ¼ u000ð1Þ ¼ 0 ð2Þ

arises in the study of elasticity and has definite physical meanings. The Eq. (1) is often referred to as the beam equation, for it
describes the deformation or deflection of an elastic beam under forces. The boundary conditions Eq. (2) mean that the beam
is fastened with sliding clamps at both ends.

Consider a special case in which f is linear, say f(u(t)) = ku(t). In this case, we have the following boundary value problem
for fourth order linear beam equation

yð4ÞðtÞ þ pðtÞyðtÞ ¼ kqðtÞyðtÞ; t 2 ½0;1�; y0ð0Þ ¼ y000ð0Þ ¼ y0ð1Þ ¼ y000ð1Þ ¼ 0: ð3Þ

For n P 3, define h = 1/n and ti = ih. For simplicity, define

yi ¼ yðtiÞ; ai ¼ h4qðtiÞ; bi ¼ h4pðtiÞ: ð4Þ

We discretize the differential equation in (3) at the node ti+2, �1 6 i 6 n � 2. It is known that

yð4Þðtiþ2Þ �
D4yi

h4 ;
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where the forward difference operator D is defined as Dyi = yi+1 � yi. Thus, the BVP ODE Eq. (3) can be discretized as

D4yi þ biþ2yiþ2 ¼ kaiþ2yiþ2; �1 6 i 6 n� 2;

Dy0 ¼ D3y�1 ¼ Dyn ¼ D3yn�1 ¼ 0;

)
ð5Þ

where k is a parameter and ai, bi for 1 6 i 6 n are defined in Eq. (4). Throughout this paper, we will study the boundary value
problem of discrete beam Eq. (5) instead of its continuous counterpart Eq. (3). We assume that

(H) The n P 3 is a fixed integer. The faign
i¼1 and fbign

i¼1 are finite sequences of real numbers such that bi P 0 for 1 6 i 6 n
with

Pn
i¼1bi > 0. And there is at least one non-zero member of the sequence faign

i¼1.

If k is a number (maybe complex) such that Eq. (5) has a nontrivial solution fyig
nþ2
i¼�1, then k is said to be an eigenvalue of the

problem Eq. (5), and the corresponding nontrivial solution fyig
nþ2
i¼�1 is called an eigenvector of Eq. (5) corresponding to k.

Some comparison results for the smallest eigenvalues of two eigenvalue problems for boundary value problems of 2nth
order linear differential equations were established in 1973 by Travis [10], by using the theory of u0-positive linear operator
in a Banach space equipped with a cone of ‘‘nonnegative’’ elements. Since then, some progress has been made on compar-
isons of eigenvalues of boundary value problems of differential equations and difference equations. In the early years, the
focus was on the smallest eigenvalues only [2,3,10].

Recently, with the help of matrix theory, we managed to analyze the eigenvalue structure of some difference equations
with boundary conditions and obtained comparison results for all eigenvalues [5–7]. In particular, the boundary value prob-
lem of discrete beam equation

D4yi ¼ kaiþ2yiþ2; �1 6 i 6 n� 2;

y0 ¼ D2y�1 ¼ Dyn ¼ D3yn�1 ¼ 0

)
ð6Þ

was studied in [7] and a comparison theorem of all of its eigenvalues was established as the sequence faign
i¼1 varies. Follow-

ing a similar path, we will study the structure of the spectrum of the boundary value problem of discrete beam Eq. (5). Com-
parison theorems for all of its eigenvalues will be obtained.

2. The structure of the eigenvalues

In this section, we denote by x⁄ the conjugate transpose of a vector x. A hermitian matrix A is said to be positive semi-
definite if x⁄Ax P 0 for any x. It is said to be positive definite if x⁄Ax > 0 for any nonzero x. In what follows we will write
X P Y if X and Y are hermitian matrices of order n and X � Y is positive semidefinite. A matrix is said to be positive if every
component of the matrix is positive.

The boundary conditions in Eq. (5) are the same as

y0 ¼ y1; y�1 ¼ y2; yn ¼ ynþ1; and yn�1 ¼ ynþ2: ð7Þ

And the problem in Eq. (5) is equivalent to the linear system

ð�D� Bþ kAÞy ¼ 0; ð8Þ

where

A ¼ diagða1; a2; . . . ; an�1; anÞ;
B ¼ diagðb1; b2; . . . ; bn�1; bnÞ;
y ¼ ðy1; y2; . . . ; yn�1; ynÞ

T

and D is a banded n � n matrix given by

D ¼

2 �3 1 0 0 � � � 0 0 0 0
�3 6 �4 1 0 � � � 0 0 0 0
1 �4 6 �4 1 � � � 0 0 0 0
0 1 �4 6 �4 � � � 0 0 0 0
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
0 0 0 0 � � � 1 �4 6 �4 1
0 0 0 0 � � � 0 1 �4 6 �3
0 0 0 0 � � � 0 0 1 �3 2

0
BBBBBBBBBBBBB@

1
CCCCCCCCCCCCCA
:

Obviously, there is a one-to-one correspondence between the solutions (y1,y2, . . . ,yn)T to the problem Eq. (8) and the solu-
tions fyig

nþ2
i¼�1 to the problem Eq. (5) under the relationship Eq. (7). In that sense, these two problems are equivalent. We will

not distinguish one from the other, denote by y a solution to either one of the two problems in the remainder of this paper.
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