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a b s t r a c t

The goal of this work is to give a complete study of some abstract transmission problems
(Pd), for every d > 0, set in unbounded domain composed of a half-line ]�1,0[ and a thin
layer ]0,d[. Existence and uniqueness results are obtained for strict solutions in UMD
Banach spaces, by using essentially the semigroup theory and the Dore-Venni’s Theorem
given in [8].
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1. Introduction and motivation

Let us consider the following abstract transmission problem

ðPdÞ

ud
�

� �00ðxÞ þ Aud
�ðxÞ ¼ g�ðxÞ on ð�1;0Þ

ud
þ

� �00ðxÞ þ Aud
þðxÞ ¼ gd

þðxÞ on ð0; dÞ
ud
�ð0Þ ¼ ud

þð0Þ;l� ud
�

� �0ð0Þ ¼ lþ ud
þ

� �0ð0Þ;
ud
þ

� �0ðdÞ ¼ f d
þ:

8>>>>><>>>>>:
where A is a closed linear operator in a complex Banach space E with domain D(A), d is a small positive fixed parameter in
]0,1], the second members

g� 2 Lpð�1;0; EÞ; gd
þ 2 Lpð0; d; EÞ;

with 1 < p < þ1; f d
þ is some given element in E and l�, l+ are the conductibility positive coefficients of two bodies (�1,0)

and (0,d), depending possibly on d.
We assume in all this work that

E is a UMD space; ð1Þ

(we recall that a Banach space E is a UMD space if and only if for some p > 1 the Hilbert transform is continuous from LpðR; EÞ
into itself, see Bourgain [5] and Burkholder [6]). In concrete applications, E can be any Lq(X) (1 < q <1, X an open set of RnÞ
or any interpolation space built on Lq(X); see our model example in the last section.

We suppose that

qðAÞ � ½0;þ1½ and 9C > 0

8k 2 ½0;þ1½: kðA� kIÞ�1k 6 C
1þjkj ;

(
ð2Þ
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(q(A) denotes the resolvent set of A; this assumption means exactly the ellipticity of our problem as in Krein [14]), and

8s 2 R; ð�AÞis 2 LðEÞ and

9C > 1; a 2�0;p½: 8s 2 R; kð�AÞisk 6 Ceajsj:

(
ð3Þ

(For the complex powers of operators, see, for instance, Haase [13].)

Remark 1.

1. From (1) and (2) we deduce that D(A) is dense in E (see Haase [13], Proposition 2.1.1, pp. 18–19).
2. From (2) we deduce that, there exists h02]0,p/2[ and r0 > 0 such that

qðAÞ � Sh0 ;r0 ¼ fz 2 C� : j arg zj 6 h0g [ Bð0; r0Þ;

and the estimate in (2) remains true in Sh0 ;r0 .
3. Assumption (2) implies that B:¼ � (�A)1/2 generates an analytic semigroup

etB; t > 0;

(see Balakhrishnan [1] p. 419). On the other hand, there exist two positive constants a, M such that, for all t > 0 we have

ketBkE 6 Me�at;

and

kBmetBkE 6 Mt�me�at;

for every m 2 N� (see Pazy [19], Theorem 6.13, p. 74).
4. Assumption (3) implies that

9C > 1; a 2�0;p½: 8s 2 R;
ffiffiffiffiffiffiffi
�A
p� �is

���� ���� 6 Ce
a
2jsj;

(see Haase [13], Proposition 3.2.1, pp. 62–63).

We will focus ourselves, in this first work, on the existence and uniqueness for the strict solution of (Pd), that is, a function

ud ¼
ud
� in � �1;0½

ud
þ in �0; d½;

(
such that

ud
� 2W2;pð�1; 0; EÞ \ Lpð�1; 0; DðAÞÞ;

ud
þ 2W2;pð0; d; EÞ \ Lpð0; d; DðAÞÞ;

(
and verifying (Pd). The main result of our work is summarized by the following.

Theorem 2. Assume (1)–(3). Let

gd
þ 2 Lpð0; d; EÞ; g� 2 Lpð�1; 0; EÞ;

with 1 < p < +1. Then problem (Pd) has a unique strict solution if and only if

f d
þ 2 ðDðAÞ; EÞ 1

2pþ
1
2;p
:

We recall that for all a2]0,1[ and q 2 [1,1]

ðE;DðAÞÞa;q ¼ ðDðAÞ; EÞ1�a;q

is a real interpolation space between D(A) and E (see Triebel [20] p. 96).
Our techniques to obtain this result are essentially based on the Dunford operational calculus, the analytic semigroup the-

ory and the celebrated Dore-Venni’s Theorem.
Several authors were interested in the study of transmission problems in different spaces with different boundary con-

ditions in Hilbertian spaces, see [7,18]. In [10], Favini et al. have considered some transmission problems set on a bounded
domain for a second member in an interpolation space. They used the Da Prato Grisvard sum theory of linear operators. In
[2], Belhamiti et al. have studied the same problem (but set in bounded domains) in the framework of Hölder continuous
spaces. They have obtained necessary and sufficient conditions on the data in order to prove optimal result of the strict solu-
tion. In our case, the second member is only in Lp spaces and the domain is unbounded.

The paper is organized as follows.
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