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1. Introduction

At the beginning, we present some notations used during our work. First, the standard notations of functional analysis
(see e.g., [2,4,9]) for different spaces L,(£2), H' = W'?(Q) and H(]](Q) C V CH'(Q) are used here. The notations |-| and ||-|| rep-
resent the norms in L, () and V, respectively. Finally, the values C, ¢ and C; are generic and positive constants independent
of the discretization parameters to be introduced below where ¢ is small and C, = C(¢™!).

In the present paper we are dealing with the numerical approximation of the following parabolic initial value problem.

Find u: Q= Q x [0,T] — R such that

atﬂ(u)iAu:f(x'/ t) in Q7 (1)
for teI=[0,T] and x € Q c R® (D =1,2) where Q is a simply connected and bounded domain with Lipschitz continuous

boundary 9 - p(u) is the nonlinear term satisfying the following two cases:

(i) degenerate case 0 < f'(u) < oo,
(ii) nondegenerate case 0 < ¢ < f'(u) < Cg < co.

The source function f{(x,t) satisfies the Lipschitz condition [1], i.e.,
f(x.t) = flx, ) < Clt —t'].
The Eq. (1) is coupled with boundary and initial conditions of the form

u(x,t)=0, on Iy x[0,T], (2)
Vu-v=gt), onl,x][0,T] 3)
u(x,0) = up(x), in Q (4)

where v is the outward normal on I'; and g(x,t) satisfies the Lipschitz condition analogously for f. Here I'y and I', are open
subsets of Q2 such that 'y NI, =® and I'; UT, = 0Q.
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The problem (1)-(4) represents a large class of heat conduction problems, e.g., gas diffusion in porous media, infiltration,
and phase change phenomena. Also, it describes the contaminant transport, in its linear form, in porous media intensively
studied in the last years. It arises also in modeling the immiscible flow of two fluids in porous medium. For example, sea oil
and water flow in petroleum reservoir engineering and air and water flow in agricultural fields (see e.g., [6]).

The weak formulation of the problem (1)-(4) is established here to reduce the order of the parabolic differential Eq. (1)
from second order to first one. The weak form is linearized by approximating the nonlinear term p'(u) by certain relaxation
parameter A(x,t). The spatial domain € is discretized by N isoparametric elements €2¢ such that Q = UL ©° and the solution
u is approximated on each element by u(t). Finally, the Rothe method is used to discretize the time interval [0,T] and to
approximate u®(t) on each element.

2. Weak formulation
At the beginning, we assume that:

(A1) ugeV,
(A2) the bilinear form ((-,-)) is symmetric, bounded and V-elliptic, i.e.,

(. 2)) < Clulllzl, ((uu) > Clul® Vu,veV. (3)
(A3) the function f{x,t) satisfies the growth condition
Fx. 6,9 <CA+[E]) Vx,t,&)exIxR

and analogously for g(x,t).

Let us now introduce the weak form for the problem (1)-(4) which consists of finding u € H! satisfying

(8tﬁ1X1) Au /Cl (fXI - 7 i:172737"'?nﬂh (6)

where n,, is the total number of the applied domain mesh nodes and y; € V is a test function at the mesh node i. Applying
Green’s theorem on the second term in Eq. (6) and inserting the boundary conditions (2), (3) into Eq. (6) yield

OB, 1) + (Vu, Vo) = (F, 1) — & X, = (7)
wherei=1,2,3,... N,

3. Spatial discretization by finite elements

The spatial domain € is divided into N isoparametric elements without interior points, i.e., Q = UL Q° and V7 is defined
by
VP = {p e H'|p(x) € Q,(Q°), x€ &, e=1,2,...,N}, (8)
where Q,(£2°) is the space of bi-polynomial functions that are products of polynomials of degree p in the spatial coordinates
on QF° (see e.g., [14]).

Finite element discretization of Eq. (7) and (4) is obtained by approximating H! by finite dimensional subspaces V*? and
determining u® € V*? such that

O, 1) + (Vus, V) = (f 1) — (& %, =0, 9)
u®(x,0) = ug, (10)

wherei=1,23,... ny
For isoparametric element with eight nodes, i=1,2,3, ...,8, (see e.g., [3,5,8,13]), the Eq. (9) could be rewritten as follows:
(0fﬁev Xi)Q" + (Vugr VX:‘)_QE - (fv Xi)ng - (& Xi)rz =0, (11)

where

8
ue(X) = ui(t)@;(x), (12)

@) (13)

over the element Q°. Notice that ¢}, u; and dﬂ are the values of the interpolating functions ¢, u and "” ) at the node j,

respectively on the element Q° where j=1 2 3 I .,8. Also, if 2°do not has any sides on I', then the fourth term in Eq.
(11) will vanish.
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