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a b s t r a c t

By using Lyapunov functional and some analysis technique, sufficient conditions are
obtained for the existence and asymptotic stability of a unique equilibrium of a Bidirec-
tional Associative Memory (BAM) neutral network with Lipschitzian activation functions
without assuming their boundedness, monotonicity or differentiability and subjected to
impulsive state displacements at fixed instants of time. The sufficient conditions are in
terms of the parameters of the network only and are easy to verify.

� 2011 Elsevier Inc. All rights reserved.

1. Introduction

In recent years, a class of neural network related to Bidirectional Associative Memory (BAM) has been proposed. These
models generalize the single-layer auto-associative circuit. Therefore, this class of network possesses good application pros-
pects in the area of pattern recognition, signal and image process etc. [1,2]. The research on stability of BAM network has
many nice works [3–7]. The dynamical characteristics of the network are assumed to be governed by the dynamics of the
following system of ordinary differential equations

dxiðtÞ
dt
¼ �aixiðtÞ þ

Xp

j¼1

cijfjðyjðtÞÞ þ ci; t > t0;

dyjðtÞ
dt
¼ �bjyjðtÞ þ

Xm

i¼1

djigiðxiðtÞÞ þ ej; t > t0;

ð1:1Þ

in which i = 1,2, . . . ,m, j = 1,2, . . . ,p; xi(t), yj(t) denote the potential (or voltage) of the cell i and j at time t respectively, ai, bj are
positive constants, they denote the rate with which the cell i and j reset their potential to the resting state when isolated
from the other cells and inputs; the connection weights cij, dji are real numbers, they denote the strengths of connectivity
between the cells j and i at time t respectively; ci, ej denote the ith and jth component of an external input source introduced
from outside the network to the cell i and j respectively, the functions fj, gi: R ? R represent the response of the jth and ith
cell to its membrane potential and are known as activation functions; we denote x(t) = (x1(t), . . . ,xm(t))T 2 Rm, y(t) =
(y1(t), . . . ,yp(t))T 2 Rp.

Dynamical systems are often classified into two categories of either continuous-time or discrete-time systems. Recently
there has been a somewhat a new category of dynamical systems, which is neither purely continuous-time nor purely dis-
crete-time ones; these are called dynamical systems with impulses. It is known that the theory of impulsive differential
equations provides a natural framework for mathematical modeling of many real word phenomena. Significant progress
has been made in the theory of impulsive differential equation in recent years [8–16,18].
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In this paper, inspired by Refs.[3,8,17,18], we consider the system (1.1) subjected to certain impulsive state displacements
at fixed moments of time:

dxiðtÞ
dt ¼ �aixiðtÞ þ

Pp
j¼1

cijfjðyjðtÞÞ þ ci; t > t0; t – tk;

dyjðtÞ
dt ¼ �bjyjðtÞ þ

Pm
i¼1

djigiðxiðtÞÞ þ ej; t > t0; t – tk;

xðtþ0 Þ ¼ x0 2 Rm; yðtþ0 Þ ¼ y0 2 Rp;

xiðtþk Þ � xiðt�k Þ ¼ Ikðxiðt�k ÞÞ; k ¼ 1;2; . . . ;

yjðtþk Þ � yjðt�k Þ ¼ eIkðyjðt�k ÞÞ; k ¼ 1;2; . . . ;

t0 < t1 < t2 < � � � < tk !1 as k!1;

9>>>>>>>>>>>>>>=>>>>>>>>>>>>>>;

ð1:2Þ

where xiðtþk Þ ¼ xiðtkÞ; yjðtþk Þ ¼ yjðtkÞ, the functions Ikð�Þ; eIkð�Þ : R! R are assumed to be continuous.
The present paper is organized as follows. In Section 2, we obtain a set of sufficient conditions for the existence of a un-

ique equilibrium of the system. We then study, in Section 3, the stability of this equilibrium solution. Finally we work out an
example.

2. Existence of equilibria

In this section we consider network with globally Lipschitz activation functions without requiring them to be bounded,
monotonic or differentiable. This is a significant advance in the area of BAM networks. Here we establish a number of easily
verifiable sufficient conditions for the existence of unique equilibrium states. An equilibrium solution of (1.2) is a constant
vector x� ¼ ðx�1; x�2; . . . ; x�mÞ

T 2 Rm and y� ¼ ðy�1; y�2; . . . ; y�pÞ
T 2 Rp which satisfy the system

aix�i ¼
Xp

j¼1

cijfjðy�j Þ þ ci; i ¼ 1; . . . ;m;

bjy�j ¼
Xm

i¼1

djigjðx�i Þ þ ej; j ¼ 1; . . . ;p;

ð2:1Þ

when the impulsive jumps Ik(�) and eIkð�Þ are assumed to satisfy Ikðx�i Þ ¼ 0; eIkðy�j Þ ¼ 0; k ¼ 1;2; . . .. In order to derive sufficient
conditions for the existence and stability of equilibria on the coefficients and the activation functions in (1.2), we recall some
elementary facts about the norms of vectors. If x = (x1,x2, . . . ,xn)T 2 Rn, then we have a choice of vectors norms in Rn, for in-
stance kxk1, kxk2, kxk1 are the commonly used norms where

kxk1 ¼
Xn

i¼1

jxij; kxk2 ¼
Xn

i¼1

jxij2
( )1=2

; kxk1 ¼max
16i6n

jxij:

We are now ready to consider the existence of equilibrium states of Eq. (2.1).

Lemma 2.1. Let ai(i = 1, . . . ,m), bj(j = 1, . . . ,p) be positive numbers. Suppose that functions fj(�), gi(�): R ? R, i = 1, . . . ,m, j = 1, . . . , p
satisfy

jfjðujÞ � fjðv jÞj 6 Ljjuj � v jj; j ¼ 1; . . . ;p;

jgiðuiÞ � giðv iÞj 6 Lijui � v ij; i ¼ 1; . . . ;m:
ð2:2Þ

Suppose further that ai; cij; Lj; bj; dji; Li are such that

ai > Li

Xp

j¼1

jdjij; bj > Lj

Xm

i¼1

jcijj: ð2:3Þ

Then there exists a unique solution of the system (2.1).

Proof. F: Rm+p ? Rm defined by

Fðx1; . . . ; xm; y1; . . . ; ypÞ ¼

F1ðx1; . . . ; xm; y1; . . . ; ypÞ

..

.

Fmðx1; . . . ; xm; y1; . . . ; ypÞ

0BB@
1CCA

where

Fiðx1; . . . ; xm; y1; . . . ; ypÞ ¼
Xp

j¼1

cijfj
yj

bj

� �
þ ci; i ¼ 1;2; . . . ;m:
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