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a b s t r a c t

Using the method of dynamical systems to study the coupled KdV system, some exact
explicit parametric representations of the solitary wave and periodic wave solutions are
obtained in the given parameter regions. Chaotic behavior of traveling wave solutions is
determined.
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1. Introduction

We consider the following coupled KdV system:

A1T þ a1A2A1X þ a2A2
2 þ a3A1A2 þ a4A1XX þ a5A2

1

� �
X
¼ 0; ð1aÞ

A2T þ d1A2A1X þ d2A2
1 þ d3A1A2 þ d4A2XX þ d5A2

2

� �
X
¼ 0; ð1bÞ

where 10 constants ai, di (i = 1,2,3,4,5) are arbitrary. This system is derived from two-layer fluids, whose integrability and
existence of the solitary wave solutions for this system have been discussed by Lou et al. [1]. To our knowledge, the dynam-
ical chaotic behavior of the traveling wave solutions of the corresponding traveling system of (1) have not been considered
before. In this paper, by using the method of dynamical systems (see [2]), we further deal with this problem and give possible
exact explicit parametric representations of the traveling wave solutions for (1).

To find all traveling wave solutions, letting n ¼ X � cT , we have

� cA1n þ a1A2A1n þ a2A2
2 þ a3A1A2 þ a4A1nn þ a5A2

1

� �
n
¼ 0; ð2aÞ

� cA2n þ d1A2A1n þ d2A2
1 þ d3A1A2 þ d4A2nn þ d5A2

2

� �
n
¼ 0: ð2bÞ

In the following, we always assume that a1 = d1 = 0. For the sake of convenience, we first consider the case a4 = d4 = 1.
Integrating two equations of (2) once and taking the integral constants as zeros, we obtain

A001 ¼ cA1 � a2A2
2 � a3A1A2 � a5A2

1; ð3aÞ
A002 ¼ cA2 � d2A2

1 � d3A1A2 � d5A2
2: ð3bÞ

This is a 8-parameter system, which has very complicated dynamical behavior, and the complete study for (3) is more
difficult.
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Suppose that a2 ¼ 1
2 d3; a3 ¼ 2d2, and let q1 ¼ A1; q2 ¼ A2; p1 ¼ A01; p2 ¼ A02: Then, we have the following Hamiltonian

system with two degree of freedom:

d
dn

q1

q2

p1

p2

0
BBB@

1
CCCA ¼

0 0 1 0
0 0 0 1
�1 0 0 0
0 �1 0 0

0
BBB@

1
CCCA
�cq1 þ a2q2

2 þ 2d2q1q2 þ a5q2
1

�cq2 þ d2q2
1 þ 2a2q1q2 þ d5q2

2

p1

p2

0
BBB@

1
CCCA ¼ JrH; ð4Þ

where the Hamiltonian H is given by

Hðq1; q2;p1;p2Þ ¼
1
2

p2
1 � cq2

1

� �
þ 1

2
ðp2

2 � cq2
2Þ þ

1
3
a5q3

1 þ
1
3

d5q3
2 þ d2q2

1q2 þ a2q2
2q1: ð5Þ

Based on the method of dynamical systems, we consider system (3) and system (4), respectively, in next two sections.

2. The exact explicit solitary wave solution and periodic wave solutions determined by (3)

In this section, we consider the subspace A1 = xA2 in the four-dimensional phase space ðA1;A2;A
0
1;A

0
2Þ. Substituting

A1 = xA2 into (3), we have

A002 ¼ cA2 �
a2

x
þ a3 þxa5

� �
A2

2; ð6aÞ

A002 ¼ cA2 � ðx2d2 þxd3 þ d5ÞA2
2: ð6bÞ

Clearly, if and only if a2
x þ a3 þxa5 ¼ x2d2 þxd3 þ d5; i.e., x is a real root of the cubic algebraic equation

d2x3 þ ðd3 � a5Þx2 þ ðd5 � a3Þx� a2 ¼ 0; ð7Þ

then, (6a) and (6b) define the same solution. We next assume that x satisfies (7) and denote that B = x2d2 + xd3 + d5. Eq. (6b)
can be written as the following planar system

dA2

dn
¼ y;

dy
dn
¼ cA2 � ðx2d2 þxd3 þ d5ÞA2

2 � cA2 � BA2
2; ð8Þ

which has the Hamiltonian

H2ðA2; yÞ ¼
1
2

y2 � 1
2

cA2
2 þ

1
3

BA3
2: ð9Þ

System (8) has two equilibrium points O(0,0) and E(A20,0), where A20 ¼ c
B : It is easy to see that when c > 0 (<0), O(0,0) is a

saddle point (a center); E(A20,0) is a center (a saddle point). Notice that h0 ¼ H2ð0;0Þ ¼ 0; h1 ¼ H2ðA20;0Þ ¼ � c3

6B2 : Thus, we
obtain the following conclusion.

Theorem 1. Suppose that a1 = d1 = 0, B = x2d2 + xd3 + d5 and x is a real root of (7).

(1) When c > 0, B > 0, (9) can be written as y2 ¼ 2
3 B 3h

B þ 3c
2B A2

2 � A3
2

� �
¼ 2

3 Bða� A2ÞðA2 � bÞðA2 � eÞ; h 2 ðh1;h0Þ:
(i) Corresponding to the family of periodic orbits of (8) defined by H2(A2,y) = h, h 2 (h1,h0), Eq. (1) has a family of peri-
odic wave solutions, which has the following parametric representation

A2ðnÞ ¼ a� ða� bÞsn2ðX0n; kÞ; ð10Þ

where X0 ¼
ffiffiffiffiffiffiffiffiffiffi
Bða�eÞ

6

q
; k ¼

ffiffiffiffiffiffi
a�b
a�e

q
and A1(n) = xA2(n).

(ii) Corresponding to the homoclinic orbit of (8) defined by H2(A2,y) = 0, Eq. (1) has a solitary wave solutions of peak
type, which has the parametric representation

A2ðnÞ ¼
3c
2B

sech2
ffiffiffi
c
p

2
n

� �
; A1ðnÞ ¼ xA2ðnÞ: ð11Þ

(2) When c < 0, B > 0, the origin O(0,0) becomes a center, while E is a saddle point. (9) can be written as

y2 ¼ 2
3 B 3h

B þ 3c
2B A2

2 � A3
2

� �
¼ 2

3 Bða1 � A2ÞðA2 � b1ÞðA2 � e1Þ; h 2 ð0;h1Þ:
(i) Corresponding to the family of periodic orbits of (8) defined by H2(A2,y) = h, h 2 (0,h1), Eq. (1) has a family of peri-
odic wave solutions, which has the parametric representation

A2ðnÞ ¼ a1 � ða1 � b1Þsn2ðX1n; k1Þ; ð12Þ
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