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1. Introduction

This paper deals with the numerical approximation of the solution of Fredholm integral equations of the second kind, de-
fined on the square S=[-1,1]%

fxy)—nu /S k(x,y,s, Of (s, t)w(s, t)dsdt = g(x,y), (x,y) €S, (1.1)

where w(x,y) := v™ 51 (x)v"2f2 (y) = (1 —x)" (1 + X (1 = y)2(1 +¥)™, 01, b1, 02, B, > =1, € R. k and g are given functions
defined on [—1,1]* and [—1,1]? respectively, which are sufficiently smooth on the open sets but can have (algebraic) singu-
larities on the boundaries. f is the unknown function.

This topic is of interest, since many problems in different areas, like computer graphics, engineering, mathematical phys-
ics, etc., can be modeled by bivariate Fredholm equations of the second kind (see for instance the rendering equation in
[9,8]). Some of the existing numerical procedures make use of collocation or Nystrom methods based on piecewise approx-
imating polynomials [2,10] or Monte Carlo methods [8], or discrete Galerkin methods [7]. In this paper, following a well
known approach in the one dimensional case (see for instance [3] and the reference therein), we propose a global approx-
imation of the solution by means of a Nystrém method based on a cubature rule obtained as the tensor product of two uni-
variate Gaussian rules and a polynomial collocation method, both based on Jacobi zeros. The reasons why this approach is
not trivial is that there are very few results in the literature about the polynomial approximation in two variables.

Moreover the additional difficulty of considering functions which can have singularities on the boundaries can be treated
only by introducing weighted approximation schemes and weighted spaces of functions (see [5] for the one dimensional
case).

Therefore some preliminary results about the best polynomial approximation, the Lagrange interpolation based on Jacobi
zeros and the tensor product of Gaussian rules are given in weighted spaces of functions.

As it is well-known, in both the proposed methods we have to solve a system of linear equations. Here, under suitable
conditions, we prove that the system is uniquely solvable and well-conditioned. Moreover we prove that both methods
are stable and convergent, giving error estimates in suitable Sobolev spaces, equipped with the weighted uniform norm.

* Corresponding author.
E-mail addresses: donatella.occorsio@unibas.it (D. Occorsio), mariagrazia.russo@unibas.it (M.G. Russo).

0096-3003/$ - see front matter © 2011 Elsevier Inc. All rights reserved.
doi:10.1016/j.amc.2011.07.053


http://dx.doi.org/10.1016/j.amc.2011.07.053
mailto:donatella.occorsio@unibas.it
mailto:mariagrazia.russo@unibas.it
http://dx.doi.org/10.1016/j.amc.2011.07.053
http://www.sciencedirect.com/science/journal/00963003
http://www.elsevier.com/locate/amc

D. Occorsio, M.G. Russo/Applied Mathematics and Computation 218 (2011) 2318-2333 2319

Finally, as an application, we take under consideration the case of integral equations, defined on different domains, reduc-
ible by suitable transformations to equation of the type (1.1). In this sense the hypothesis of the squared domain is not a
restriction. However, as we will see, the price to be payed is that the smoothness of the involved functions can be lost by
the change of variables (see Example 4).

The outline of this paper is as follows. Section 2 contains the notation and announced auxiliary results about the bivariate
Lagrange interpolation and the cubature rule. The main results are given in the Section 3. Section 4 contains the computa-
tional details about the construction of the approximating solutions and some numerical tests that show the performance of
our procedures and confirm the theoretical results. Section 5 contains the proofs of the main results. Finally Appendix is de-
voted to the estimate of the bivariate best polynomial approximation error in weighted L, norm, 1 < p < oo, in terms of the
best polynomial approximation w.r.t. the single variables.

2. Notations and preliminary results

In this section we define the spaces of functions in which we will study the equations under consideration. Moreover we
will give some basic tools of the polynomial approximation theory in two variables.

Since we are considering the case of functions which can have singularities on the boundaries of the square S, we intro-
duce a weighted space of functions as follows: the weight u(x,y) = 711 (x)v72% (y), 7,,61,7,,92 = 0, fixed, we define the
space G,

<y<1, limf(xypuxy) =0

Cu= f S C((*l,l)z) <x<1, yler f(x,y)u(x7y) =0,

where the limit conditions hold uniformly w.r.t. the free variable. Whenever one or more of the parameters 71, d1, V2, 65 is
greater than 0, the functions in G, can be singular on one or more sides of the square S. In the case y; = §; = > =6, =0 the
definition reduces to the case of continuous functions and we set C, = ((S).

C, can be equipped with the weighted uniform norm on the square

Ifllc, = Ifull, = sup If(x,y)u(x,y)].
(xy)eS
Now set ¢, (x) = v'1 —x2, ¢,(y) = /1 —y? and denote by f, and f, the function f{(x,y) as a function of the only variable y or

x respectively. For smoother functions, i.e. for functions having some derivatives which can be discontinuous on the bound-
aries of S, we introduce the following Sobolev-type space

Wi(w) = {f € Cu s Me(f,u) = sup { |7 tu]| 150 %ull } < o}, (2.2)
where the superscript (r) denotes the rth derivative of the one-dimensional function f, or f,. We equip W,(u) with the norm

fllw, ) = IWfullc + M (f,u).

In the case u(x,y) =1 we will simply write W,.
Now let P, denote the space of all algebraic polynomials of two variables of degree at most m in each variable.
The error of best polynomial approximation in C, by means of bivariate polynomials in Py, can be defined as follows

Enn(f), = ,inf I = Plul,

Now if h is a continuous function on (—1,1) and #"°(x) = (1 — x)"(1 +x)°, 3, 6 = 0, let Ey(h) ., := infycp, ||[h — p]27?||, be the
weighted error of best approximation of the univariate function h, where P, denotes the set of the univariate polynomials of
degree at most m.

Using the definitions given above it is possible to prove that (a general result, including the L? case is stated and proved in
Appendix)

Enm(f), <C| sup v"11( E[mﬂ](fx i+ SUp v72%2( )E[W1T+1]()‘},)v«,-1_(s1 , (2.3)
xe[-1.1] yel-1,1]
where the positive constant C does not depend on f and m. In other words, the bivariate best approximation error can be
evaluated by means of the univariate best approximation errors w.r.t. each of the two variables of f. Therefore using this esti-
mate and the Favard inequality, it follows that if f € W,(u) then

Mr(fv u)
Enam()y < O, 24)

where the positive constant C does not depend on f and m.
Along all the paper the constant C will be used several times, having different meaning in different formulas. Moreover
from now on we will write C # C(a, b, ...) in order to say that C is a positive constant independent of the parameters q,b,.. .,
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