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1. Introduction

Finding the zeros of nonlinear equations is one of the most important problems in numerical analysis. In this study, we
use iterative methods to find a multiple zero x* of multiplicity m (m > 1), i.e., f(x*)=0,j=0,1,...,m — 1, and f™(x*) + 0, of
a nonlinear equation f{x) = 0, where f : D — R is a smooth function, and D is an open interval.

It is known that, the modified Newton method for multiple zeros is given by

f(xn)

) 1.1
f'(xn) (1.1)
which converges quadratically [1].

There exists a cubically convergent method for multiple zeros, presented by Hansen and Patrick [2]:
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which is an extension of the classical Halley method of the third-order.
Another cubically convergent method for multiple zeros, is proposed by Traub [3]:

m(3 — m) f(xn) m2 f(Xn)zf//(Xn) (13)

Xni1 = Xn — -
n+1 n 2 f/(xn) 2 f,(xn)3 ’
which is an extension of the well-known Chebyshev method of the third-order.
In recent years, a lot of methods for multiple zeros have been presented, and many local convergence results have been
obtained, see [4-16] and references therein. In general, these results show that if the initial guess xq of the corresponding
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method is sufficiently close to the zero x* of the function involved, then the sequence {x,} generated by this method is well
defined, and converges to x*. But we don’t know how close to the zero x* the initial guess x, should be. That is, these local
results give no information on the radius of the convergence ball for the corresponding method.

Here, we say an open ball U(x*,r) C D with center x* and radius r is called a convergence ball of an iterative method, if
the sequence generated by this iterative method starting from any initial values in it converges. Enlarging the convergence
ball of an iterative method is very important, because it shows the extent of difficulty we have to choose iterative initial
points. Of course, we will be delighted to have bigger radius for the convergence ball of an iterative method. However, this
depends on not only the iterative method we use but also on the conditions of the involved function, such as Lipschitz con-
tinuous conditions, Hélder continuous conditions, etc.

It is known that, in the case of a simple zero, many results on the estimate of the radius of the convergence ball have been
given for iterative methods, see [17-27]. Wang [17] and Traub [18] gave an exact estimate
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on the radius of the convergence ball respectively for Newton’s method (im = 1 in (1.1)), when function f satisfies the Lipschitz
continuous condition:

r (1.4)

F'x*) N (x) —f ) <Klx—y|, Vx, yeD, forsomeK > 0. (1.5)

Argyros [20] provided the radius
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for Newton’s method, when function f satisfies the Hélder continuous condition:
FeN ) - o) <Kx—yP, Vx,yeD, forsomeK >0 (1.7)
and the center-Hélder continuous condition:
IF) 7 (F(x) = f/(x%)] < Kolx — x*|P, WxeD, for some Ko > 0, (1.8)

where, 0 < p < 1. Note that, when p =1 and K = K, the radius given by (1.6) reduces to that given by (1.4). Otherwise, since
Ko < K: r* <14, and the upper bounds on the distance |x, — x*|(n > 0) are tighter. This development is very important in com-
putational mathematics, since a wider range of initial guesses xo becomes available, and at most as few computations are
required to obtain a desired error tolerance. Note also that the radio If—o can be arbitrarily large [21]. Moreover, (1.8) is not
an additional hypothesis, since in practice the computation of constant K requires that of Ky. Huang [22] generalized the Lips-
chitz continuous condition (1.5) of Newton’s method for another type of Holder continuous condition. Local results were also
given in [23] using even more general conditions for Newton-like methods.
In this paper, we provide the radius

o Imep+1—i)
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for the modified Newton’s method (1.1) in the case of multiple zeros, when function f satisfies the Hélder continuous
condition:

Fmx*) 1™ (x) — f™(y))| <Klx—yf’, Vx,yeD, forsomeK >0 (1.10)
and the center-Hélder continuous condition:
[F™ (x*) 1™ (%) — ™ (x*))| < Kolx — x*P,  ¥x e D, for some Ko > 0, (1.11)

where, 0 < p < 1. Note that, conditions (1.10) and (1.11) are natural generalizations of conditions (1.7) and (1.8) from the case
of simple zero (m = 1) to multiple zero (m > 1), and the radius given by (1.9) reduces to the radius given by (1.6) when m = 1.
We also provide the error analysis, which matches the convergence order of the modified Newton’s method (1.1). The advan-
tages of our approach for m > 1 are the same as in the case when m =1, which has been already explained above.

2. Preliminaries
We need the definitions of divided differences, and their properties.

Definition 2.1 [28]. The divided differences flag,as,. . .,ax], on k + 1 distinct points dag,as,. . .,a, of a function f(x) are defined
by
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