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In this paper, making use of a linear operator we introduce and study certain new classes of
meromorphic functions. We derive some inclusion results. These classes contain many
known classes as a special case.
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1. Introduction

Let
P

denotes the class of functions of the form

f ðzÞ ¼ 1
z
þ
X1
k¼0

akzk; ð1:1Þ

which are analytic in the punctured open unit disc D = {z: 0 < jzj < 1}. Further, let Pk(c) be the class of functions p(z), analytic
in E = D [ {0} satisfying p(0) = 1 andZ 2p

0

RepðzÞ � c
1� c

����
����dh 6 kp; ð1:2Þ

where z = reih, k P 2, 0 6 c < 1. This class was introduced by Padmanbhan and Paravatham [9]. For c = 0 we obtain the class Pk

defined by Pinchuk [11] and P2(c) = P(c) is the class with positive real part greater than c.
Also note that for p 2 Pk(c) if and only if

pðzÞ ¼ k
4
þ 1

2

� �
p1ðzÞ �

k
4
� 1

2

� �
p2ðzÞ;

where p1, p2 2 P(c) for z 2 E. By MC(c), MS*(c) and MK(c), we mean the subclasses of meromorphic convex, meromorphic star-
like and meromorphic close-to-convex functions of order c respectively. The class

P
is closed under the convolution or Had-

amard product denoted and defined by

ðf � gÞðzÞ ¼ 1
z
þ
X1
k¼0

akbkzk; ð1:3Þ

where

f ðzÞ ¼ 1
z
þ
X1
k¼0

akzkgðzÞ ¼ 1
z
þ
X1
k¼0

bkzk:
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The study of operators plays a vital role in Geometric Function Theory. In 1999, using the technique of convolution Noor [6]
defined an integral operator (see also [7]). Many author’s [1–4,10] studied the properties of Noor integral operator and gen-
eralize it in many directions. Motivated, from Noor works, in [12] Yuan et al. defined an operator In,l:

P
?
P

as follows:

In;lf ðzÞ ¼ fn;lðzÞ � f ðzÞ; ð1:4Þ

where

fn;lðzÞ �
1

zð1� zÞnþ1 ¼
1

zð1� zÞl
n > �1; l > 0; z 2 D: ð1:5Þ

Using (1.4) and (1.5), one can easily have

In;lf ðzÞ ¼ 1
z
þ
X1
k¼0

ðlÞkþ1

ðnþ 1Þkþ1
akzk; ð1:6Þ

where (a)k is the Pochhammer symbol given by

ðaÞ0 ¼ 1; ðaÞk ¼ aðaþ 1Þðaþ 2Þ � � � ðaþ k� 1Þ; k 2 N:

From (1.4) and (1.6), it can be easily verified that

zðInþ1;lf ðzÞÞ0 ¼ ðnþ 1ÞIn;lf ðzÞ � ðnþ 2ÞInþ1;lf ðzÞ ð1:7Þ

and

zðIn;lf ðzÞÞ0 ¼ lIn;lþ1f ðzÞ � ðlþ 1ÞIn;lf ðzÞ: ð1:8Þ

Furthermore, for c > 0 the Generalized Bernardi Operator is defined as

Jcf ðzÞ ¼ c
zcþ1

Z z

0
tcf ðtÞdt: ð1:9Þ

Using the operator In,l, we define the following new classes of meromorphic functions

Definition 1.1. Let f 2
P
; n > �1; l > 0; 0 6 c < 1; z 2 D, then f 2MVk(n,l,c) if and only if

�ðzðIn;lf ðzÞÞ0Þ0

ðIn;lf ðzÞÞ0
2 PkðcÞ:

Definition 1.2. Let f 2
P
; n > �1; l > 0; 0 6 c < 1; z 2 D, then f 2MRk(n,l,c) if and only if

� zðIn;lf ðzÞÞ0

In;lf ðzÞ 2 PkðcÞ:

It can be easily observed that

f 2 MVkðn;l; cÞ if and only if zf 0 2 MRkðn;l; cÞ:

Definition 1.3. Let f 2
P
; n > �1; l > 0; 0 6 a; b < 1; z 2 D, then f 2 MT�kðn;l;a; bÞ if and only if there exists

g 2MR2(n,l,a) such that

� zðIn;lf ðzÞÞ0

In;lgðzÞ 2 PkðbÞ:

Remark 1.1. For special values of parameters n, l, c and k, we have many known classes of meromorphic functions, see
[8,12].

2. Preliminary results

Lemma 2.1 [5]. Let u = u1 + iu2 and v = v1 + iv2 and let W(u,v) be a complex valued function satisfying the conditions:

(i) W(u,v) is continuous in D � C2,
(ii) (1,0) 2 D and ReW(1,0) > 0,

(iii) ReW(iu2,v1) 6 0 whenever (iu2,v1) 2 D and v1 6 � 1
2 ð1þ u2

2Þ.

If h(z) is a function analytic in E such that (h(z), zh
0
(z)) 2 D and ReW (h(z), zh

0
(z)) > 0 for z 2 E, then Reh(z) > 0 in E.
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