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In this paper we study the number of limit cycles of a near-Hamiltonian system under Z4-
equivariant quintic perturbations. Using the methods of Hopf and heteroclinic bifurcation
theory, we found that the perturbed system can have 13 limit cycles.
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1. Introduction

The 16th Hilbert’s problem consists of two parts. The second part of it concerns the number of limit cycles and their rel-
ative locations for polynomial vector fields. There have been many studies on this aspect, see [1–5]. Usually it is very hard to
find the number of limit cycles for general polynomial systems. To reduce the difficulty one can study the systems with some
symmetry. An important symmetry is the Zq-equivariance which was first introduced in [6]. The following theorem was
proved in [6].

Theorem 1.1. The real polynomial system

dx
dt
¼ Pnðx; yÞ;

dy
dt
¼ Q nðx; yÞ; ð1:1Þ

where Pn(x,y) and Qn(x,y) are polynomials of x and y with degree n, is Zq-equivariant if the function Fðz;�zÞ ¼ Pnðx; yÞ þ iQnðx; yÞ,
where x ¼ 1

2 ðzþ �zÞ; y ¼ 1
2i ðz� �zÞ and i ¼

ffiffiffiffiffiffiffi
�1
p

, has the form

Fðz;�zÞ ¼
X
lP1

lðjzj2Þ�zlq�1 þ
X
lP0

hlðjzj2Þ�zlqþ1 � Fn;qðz;�zÞ; ð1:2Þ

where pl and hl are complex functions. In addition, Eq. (1.1) is a Hamiltonian system having Zq -equivariance if and only if Eq. (1.2)
holds and @F

@z þ @F
@�z � 0.

Yu and Han [7] proved that a cubic Z2-equivariant system can have 12 limit cycles and that a cubic Z5-equivariant system
can have 1 limit cycle. Yu et al. [8] proved that a cubic Z3-equivariant system can have three small limit cycles and one big
limit cycle. Wu et al. [9] studied a Z4-equivariant quintic system having at least 16 limit cycles. Zhang et al. [10] found a quar-
tic system having at least 15 limit cycles. Li et al. [11] studied a quintic system, obtaining at least 24 limit cycles. More results
can be found in [12–20].
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Now taking n = 3 and q = 4 in (1.2) we have

F3;4ðz;�zÞ ¼ A0 þ A1jzj2
� �

zþ A3�z3; ð1:3Þ

where A0,A1 and A3 are complex numbers.
Let F3,4 satisfy

@F3;4

@z
þ @F3;4

@�z
� 0; ð1:4Þ

which implies ReA0 = ReA1 = 0. Then under (1.3) and (1.4) we see that the corresponding real cubic system has the form

_x ¼ �y B0 þ ðB1 � 1Þy2 þ ðB1 þ 3Þx2
� �

¼ Hy;

_y ¼ x B0 þ ðB1 � 1Þx2 þ ðB1 þ 3Þy2
� �

¼ �Hx;

(
ð1:5Þ

where

Hðx; yÞ ¼ �B0ðx2 þ y2Þ=2� ðB1 � 1Þðx4 þ y4Þ=4� ðB1 þ 3Þx2y2=2:

For phase portraits of (1.5), see Fig. 1.

Fig. 1. The phase portrait of system (1.5).
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