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a b s t r a c t

The linear autonomous system of difference equations xðnþ 1Þ ¼ AxðnÞ is considered,
where x 2 Rk; A is a real nonsingular k� k matrix. In this paper it has been proved that if
WðxÞ is any homogeneous polynomial of m-th degree in x, then there exists a unique homo-
geneous polynomial VðxÞ of m-th degree such that DV ¼ VðAxÞ � VðxÞ ¼WðxÞ if and only if
ki1

1 ; k
i2
2 ; . . . ; kik

k – 1 ði1 þ i2 þ � � � þ ik ¼ m; ij P 0Þ where k1; k2; . . . ; kk are the eigenvalues of
the matrix A. The theorem on the instability has also been proved.
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1. Introduction and preliminaries

The theory of discrete dynamical systems has grown tremendously in the last decade. Difference equations can arise in a
number of ways. They may be the natural model of a discrete process (in combinatoric, for example) or they may be a dis-
crete approximation of a continuous process. The growth of the theory of difference systems has been strongly promoted by
the advanced technology in scientific computation and the large number of applications to models in biology, engineering,
and other physical sciences. For example, in papers [1,2] systems of difference equations are applied as natural models of
populations dynamics, in [3] difference equations are applied as a mathematical model in genetics.

Many evolution processes are characterized by the fact that at certain moments of time they experience a change of state
abruptly. These processes are subject to short-term perturbations which duration is negligible in comparison with the dura-
tion of the process. Consequently, it is natural to assume that these perturbations act instantaneously, that is, in the form of
impulses. It is known, for example, that many biological phenomena involving thresholds, bursting rhythm models in med-
icine and biology, optimal control models in economics, pharmacokinetics and frequency modulated systems, do exhibit
impulsive effects. Thus impulsive differential equations, that is, differential equations involving impulse effects, appear as
a natural description of observed evolution phenomena of several real world problems [4–6]. The early work on differential
equations with impulse effect were summarized in monograph [6] in which the foundations of this theory were described. In
recent years, the study of impulsive systems has received an increasing interest [7–13]. In fact, an impulsive system consists
of a continuous system which is governed by ordinary differential equations and a discrete system which is governed by dif-
ference equations. So the dynamics of impulsive systems essentially depends on properties of the corresponding difference
systems, and this confirms the importance of studying the qualitative properties of difference systems.

It is the stability and asymptotic behaviour of solutions of these models that is especially important to many investiga-
tors. The stability of a discrete process is the ability of the process to resist a priori unknown small influences. A process is
said to be stable if such disturbances do not change it. This property turns out to be of utmost importance since, in general,
an individual predictable process can be physically realized only if it is stable in the corresponding natural sense. One of the
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most powerful method used in stability theory is Lyapunov’s direct method [14]. This method consists in the use of an aux-
iliary function (the Lyapunov function).

Consider the system of difference equations

xðnþ 1Þ ¼ f ðn; xðnÞÞ; f ðn; 0Þ ¼ 0; ð1:1Þ

where n ¼ 0; 1; 2; . . . is discrete time, xðnÞ ¼ ðx1ðnÞ; . . . ; xkðnÞÞT 2 Rk; f ¼ ðf1; . . . ; f kÞ
T 2 Rk. System (1.1) admits the trivial

solution

xðnÞ ¼ 0: ð1:2Þ

Denote xðn; n0; x0Þ the solution of system (1.1) coinciding with x0 ¼ ðx0
1; x0

2; . . . ; x0
kÞ

T under n ¼ n0. We also denote Zþ the set
of nonnegative real integers, Nn0 ¼ fn 2 Zþ : n P n0g; N ¼ fn 2 Zþ : n P 1g; Br ¼ fx 2 Rk : kxk 6 rg.

By analogy to ordinary differential equations, let us introduce the following definitions.

Definition 1.1. The trivial solution of system (1.1) is said to be stable if for any e > 0; n0 2 Zþ there exists a d ¼ dðe; n0Þ > 0
such that kx0k < d implies kxðn; n0; x0Þk < e for n 2 Nn0 . Otherwise the trivial solution of system (1.1) is called unstable. If in
this definition d can be chosen independent of n0 (i.e. d ¼ dðeÞ), then the zero solution of system (1.1) is said to be uniformly
stable.

Definition 1.2. Solution (1.2) of system (1.1) is said to be attractive if for any n0 2 Zþ there exists an g ¼ gðn0Þ > 0 and for
any e > 0 and x0 2 Bg there exists a r ¼ rðe; n0; x0Þ 2 N such that kxðn; n0; x0Þk < e for all n 2 Nn0þr.

In other words, solution (1.2) of system (1.1) is called attractive if

lim
n!1
kxðn; n0; x0Þk ¼ 0: ð1:3Þ

Definition 1.3. The trivial solution of system (1.1) is said to be uniformly attractive if for some g > 0 and for each e > 0 there
exists a r ¼ rðeÞ 2 N such that kxðn; n0; x0Þk < e for all n0 2 Zþ; x0 2 Bg and n P n0 þ r.

In other words, solution (1.2) of system (1.1) is called uniformly attractive if (1.3) holds uniformly in n0 2 Zþ; x0 2 Bg.

Definition 1.4. The zero solution of system (1.1) is called:

� asymptotically stable if it is stable and attractive;
� uniformly asymptotically stable if it is uniformly stable and uniformly attractive.

Definition 1.5. The trivial solution of system (1.1) is said to be exponentially stable if there exist M > 0 and g 2 ð0; 1Þ such
that kxðn; n0; x0Þk < Mkx0kgn�n0 for n 2 Nn0 .

A great number of papers is devoted to investigation of the stability of solution (1.2) of system (1.1). The general theory of
difference equations and the base of the stability theory are stated in [15–18]. It has been proved in [19] that if system (1.1)
is autonomous (i.e. f does not depend explicitly in n) or periodic (i.e. there exists x 2 N such that f ðn; xÞ � f ðnþx; xÞ), then
from the stability of solution (1.2) it follows its uniform stability, and from its asymptotic stability it follows its uniform
asymptotic stability. Papers [20–22] deal with the stability investigation of the zero solution of system (1.1) when this sys-
tem is periodic or almost periodic.

Let us formulate the main theorems of Lyapunov’s direct method about the stability of the zero solution of the system of
autonomous difference equations

xðnþ 1Þ ¼ f ðxðnÞÞ: ð1:4Þ

These statements have been mentioned in [16, Theorems 4.20 and 4.27]. They are connected with the existence of an aux-
iliary function VðxÞ; the analog of its derivative is the variation of V relative to (1.4) which is defined as DVðxÞ ¼
Vðf ðxÞÞ � VðxÞ.

Theorem 1.6. If there exists a positive definite continuous function VðxÞ such that DVðxÞ relative to (1.4) is negative semi-definite
function or identically equals to zero, then the trivial solution of system (1.4) is stable.

Theorem 1.7. If there exists a positive definite continuous function VðxÞ such that DVðxÞ relative to (1.4) is negative definite, then
the trivial solution of system (1.4) is asymptotically stable.

Theorem 1.8. If there exists a continuous function VðxÞ such that DVðxÞ relative to (1.4) is negative definite, and the function V is
not positive semi-definite, then the trivial solution of system (1.4) is unstable.

Consider the autonomous system

xðnþ 1Þ ¼ AxðnÞ þ XðxðnÞÞ; ð1:5Þ
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