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a b s t r a c t

Let us consider the Boundary Value Problem (BVP) for the discrete Dirac Equations

anþ1yð2Þnþ1 þ bnyð2Þn þ pnyð1Þn ¼ kyð1Þn

an�1yð1Þn�1 þ bnyð1Þn þ qnyð2Þn ¼ kyð2Þn ;n 2 N;

(
ð0:1Þ

ðc0 þ c1kÞy
ð2Þ
1 þ ðb0 þ b1kÞy

ð1Þ
0 ¼ 0; ð0:2Þ

where ðanÞ; ðbnÞ; ðpnÞ and ðqnÞ;n 2 N are complex sequences,
ci; bi 2 C; i ¼ 0;1 and k is a eigenparameter. Discussing the eigenvalues and the spectral

singularities, we prove that the BVP (0.1), (0.2) has a finite number of eigenvalues and spec-
tral singularities with a finite multiplicities, if

X1
n¼1

expðendÞðj1� anj þ j1þ bnj þ jpnj þ jqnjÞ <1;

holds, for some e > 0 and 1
2 6 d 6 1:

� 2009 Elsevier Inc. All rights reserved.

1. Introduction

Discrete boundary value problems have been intensively studied in the last decade. The modeling of certain linear and
nonlinear problems from economies, optimal control theory and other areas of study have led to the rapid development
of the theory of difference equations. Also the spectral analysis of the difference equations have been treated by various
authors in connection with the classical moment problem (see the monographs of Agarwal [5], Agarwal-Wong [8] and
Kelley-Peterson [14] and the papers of Agarwal-Perera-O’Regan [6,7] and the references there in). The spectral theory of
the difference equations have also been applied to the solution of classes of nonlinear discrete Korteveg–de Vriez equations
and Toda lattices ([12,17]).

Let us consider the discrete boundary value problem (BVP):

an�1yn�1 þ bnyn þ anynþ1 ¼ kyn; n 2 N ¼ f1;2; . . .g ð1:1Þ
y0 ¼ 0; ð1:2Þ

where ðanÞ and ðbnÞ are complex sequences, a0–0 and k is a spectral parameter. The spectral analysis of the BVP (1.1), (1.2)
with continuous and point spectrum has been studied in [9]. In this article, the authors proved that the spectrum of the BVP
(1.1), (1.2) consists of the continuous spectrum, the eigenvalues and the spectral singularities. The spectral singularities are
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poles of the resolvent and are also imbedded in the continuous spectrum, but they are not eigenvalues. The effect of the spec-
tral singularities in the spectral expansion of the BVP (1.1), (1.2) in terms of the principal vectors has been investigated in
[15]. In [1,2], the dependence of the structure of the spectral singularities of the BVP (1.1), (1.2) on the behaviour of the se-
quences ðanÞ and ðbnÞ was considered. Some problems related to the spectral analysis of difference equations with spectral
singularities have been discussed in [3,4,10,11].

Let us consider the non-selfadjoint BVP for the system of difference equations of first order

anþ1yð2Þnþ1 þ bnyð2Þn þ pnyð1Þn ¼ kyð1Þn

an�1yð1Þn�1 þ bnyð1Þn þ qnyð2Þn ¼ kyð2Þn ; n 2 N;

(
ð1:3Þ

ðc0 þ c1kÞy
ð2Þ
1 þ ðb0 þ b1kÞy

ð1Þ
0 ¼ 0; c0b1 � c1b0–0; ð1:4Þ

where yð1Þn

yð2Þn

� �
;n 2 N are vector sequences, an–0; bn–0 for all n, ci; bi 2 C; i ¼ 0;1 and k is a spectral parameter. If for all

n 2 N; an � 1 and bn � �1 then the system (1.3) reduces to

Dyð2Þn þ pnyð1Þn ¼ kyð1Þn

�Dyð1Þn�1 þ qnyð2Þn ¼ kyð2Þn ; n 2 N;

(
ð1:5Þ

where D is a forward difference operator, i.e., Dun ¼ unþ1 � un: The system (1.5) is the discrete analogue of the well-known
Dirac system

0 1
�1 0

� �
y01
y02

� �
þ

pðxÞ 0
0 qðxÞ

� �
y1

y2

� �
¼ k

y1

y2

� �
;

([16], Chap. 2). Therefore the system (1.5) (also (1.3)) is called the discrete Dirac system. The specific features of this paper
are the presence of the spectral parameter not only in the difference equation and also in the boundary condition.

In this paper, we aim to investigate of eigenvalues and spectral singularities of the BVP (1.3), (1.4) has a finite number of
eigenvalues and spectral singularities with a finite multiplicities, if the condition

X1
n¼1

expðendÞðj1� anj þ j1þ bnj þ jpnj þ jqnjÞ <1;

holds, for some e > 0 and 1
2 6 d 6 1.

2. Jost solution of (1.3)

Let for some e > 0 and 1
2 6 d 6 1

X1
n¼1

expðendÞðj1� anj þ j1þ bnj þ jpnj þ jqnjÞ <1 ð2:1Þ

satisfied. It is well-known that [11], under the condition (2.1). Eq. (1.3) has the bounded solution

fnðzÞ ¼
f ð1Þn ðzÞ
f ð2Þn ðzÞ

 !
¼ an I2 þ

X1
m¼1

Anmeimz

 !
eiz

2

�i

 !
einz; n 2 N; ð2:2Þ

f ð1Þ0 ðzÞ ¼ a11
0 eiz

2 1þ
X1
m¼1

A11
0meimz

" #
� i
X1
m¼1

A12
0meimz

( )
; ð2:3Þ

for k ¼ 2 sin z
2 and z 2 Cþ :¼ fz : z 2 C; Imz P 0g, where

an ¼
a11

n a12
n

a21
n a22

n

 !
; I2 ¼

1 0
0 1

� �
; Anm ¼

A11
nm A12

nm

A21
nm A22

nm

 !
:

Note that aij
n and Aij

nmði; j ¼ 1;2Þ are expressed in terms of ðanÞ; ðbnÞ; ðpnÞ and ðqnÞ;n 2 N. Moreover

jAij
nmj 6 C

X1
k¼nþ m

2j j½ �
ðj1� akj þ j1þ bkj þ jpkj þ jqkjÞ; ð2:4Þ

holds, where m
2

�� ��� �
is the integer part of m

2 and C > 0 is a constant. Therefore fn is vector-valued analytic function with respect

to z in Cþ :¼ fz : z 2 C; Imz > 0g and continuous in Cþ ([11]). The solution f ðzÞ ¼ ðfnðzÞÞ ¼ f ð1Þn ðzÞ
f ð2Þn ðzÞ

� �
is called Jost solution of

(1.3).
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