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a b s t r a c t

In the present paper, we give a new family of k-Fibonacci numbers and establish some prop-
erties of the relation to the ordinary Fibonacci numbers. Furthermore, we describe the
recurrence relations and the generating functions of the new family for k ¼ 2 and k ¼ 3,
and presents a few identity formulas for the family and the ordinary Fibonacci numbers.

� 2010 Elsevier Inc. All rights reserved.

1. Introduction and objectives

Fibonacci numbers are one of the most well-known numbers, and it has many important applications to diverse fields
such as mathematics, computer science, physics, biology, and statistics. For the history of Fibonacci numbers, see a very re-
cent book [15]. For the applications, see, e.g. [2,4]. For the theory, see, e.g. [9,13,23].

There are many important generalizations of Fibonacci numbers, e.g. [13, Chap. 7,1,3,8,10–12,14,16–19,21,22,24]. Among
the generalizations, the k-Fibonacci numbers have been recently considered by many authors, see, e.g. [5–7,19,24]. In the
present paper, we shall focus on a new family of these numbers.

The rest of this section gives a brief review on the Fibonacci numbers and defines the new family of the k-Fibonacci num-
bers. In Section 2, we establish some properties of the family. In Section 3, we make some concluding remarks.

It is well known that the Fibonacci numbers: Fn for n ¼ 0;1; . . . are defined by the Binet’s formula as follows:

Fn :¼ 1ffiffiffi
5
p ðanþ1 � bnþ1Þ; n ¼ 0;1; . . . ; ð1Þ

where a :¼ 1þ
ffiffiffi
5
p� �

=2 and b :¼ 1�
ffiffiffi
5
p� �

=2. The first few Fibonacci numbers are 1,1,2,3,5,8,13,21,34,55,89, . . . For more

detail, one may use the well-known on-line encyclopedia of integer sequences [20]. The numbers Fn satisfy the second order
linear recurrence relation:

Fn ¼ Fn�1 þ Fn�2; n ¼ 1;2; . . . ð2Þ
with the initial conditions F�1 ¼ 0; F0 ¼ 1. It is also widely known that the Fn is related by the determinant of the special
tridiagonal matrix of the form

Tn ¼

1 1
�1 1 1

. .
. . .

. . .
.

�1 1 1
�1 1

0
BBBBB@

1
CCCCCA 2 Rn�n: ð3Þ

0096-3003/$ - see front matter � 2010 Elsevier Inc. All rights reserved.
doi:10.1016/j.amc.2009.12.069

* Corresponding author.
E-mail addresses: mikkawy@yahoo.com (M. El-Mikkawy), sogabe@ist.aichi-pu.ac.jp (T. Sogabe).

Applied Mathematics and Computation 215 (2010) 4456–4461

Contents lists available at ScienceDirect

Applied Mathematics and Computation

journal homepage: www.elsevier .com/ locate /amc

http://dx.doi.org/10.1016/j.amc.2009.12.069
mailto:mikkawy@yahoo.com
mailto:sogabe@ist.aichi-pu.ac.jp
http://www.sciencedirect.com/science/journal/00963003
http://www.elsevier.com/locate/amc


The Lucas numbers Ln are closely related to the Fibonacci numbers Fn. The Lucas numbers are defined by

Ln ¼ Ln�1 þ Ln�2; n ¼ 2;3; . . .

with initial conditions L0 ¼ 2 and L1 ¼ 1. The first few Lucas numbers are 2;1;3;4;7;11;18;29;47;76; . . . The Binet’s formula
for the Lucas numbers Ln is Ln ¼ an þ bn; n ¼ 0;1; . . . Then, we see that the Lucas and Fibonacci numbers are related by

Ln ¼ Fn þ Fn�2 ¼
F2n�1

Fn�1
:

Now, we define a new generalized k-Fibonacci number as follows.

Definition 1.1 (k-Fibonacci numbers). Let n and k ð–0Þ be natural numbers, then there exist unique numbers m and r such
that n ¼ mkþ r ð0 6 r < kÞ. Using these parameters, we define generalized k-Fibonacci numbers FðkÞn by

FðkÞn :¼ 1ffiffiffi
5
p� �k

ðamþ2 � bmþ2Þrðamþ1 � bmþ1Þk�r
; n ¼ mkþ r: ð4Þ

The first few numbers of the new family for k ¼ 2;3 are as follows:

Fð2Þn

n o10

n¼0
¼ f1;1;1;2;4;6;9;15;25;40;64g;

Fð3Þn

n o10

n¼0
¼ f1;1;1;1;2;4;8;12;18;27;45g:

For the other numbers, see Table 1 in Appendix A.
From (1) and Definition 1.1, the generalized k-Fibonacci and Fibonacci numbers are related by

FðkÞn ¼ ðFmÞk�rðFmþ1Þr; n ¼ mkþ r: ð5Þ

Considering the case k ¼ 1 in (4), we see that m ¼ n and r ¼ 0. Therefore, Fð1Þn is the ordinary Fibonacci numbers Fn.
In the next section, we give some properties of the generalized k-Fibonacci numbers.

2. Main results

Theorem 2.1. Let k; m 2 f1;2;3; . . .g.
For fixed numbers k; m, the generalized k-Fibonacci numbers and the ordinary Fibonacci numbers satisfy

(i)
Pk�1

i¼0 ð�1Þi k� 1
i

� �
FðkÞmkþi ¼ ð�1Þk�1FmFðk�1Þ

ðm�1Þðk�1Þ.

(ii)
Pk�1

i¼0
k� 1

i

� �
FðkÞmkþi ¼ FmFðk�1Þ

ðmþ2Þðk�1Þ ¼ FmðFmþ2Þk�1.

(iii)
Pk�1

i¼0 FðkÞmkþi ¼
Fm

Fm�1
ðFmþ1Þk � ðFmÞk
h i

¼ Fm
Fm�1

FðkÞðmþ1Þk � FðkÞmk

h i
.

Proof.

(i) We have
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k� 1

i
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AFðkÞmkþi ¼ ð�1Þk�1
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AðFmÞk�iðFmþ1Þi ðfrom ð5ÞÞ

¼ ð�1Þk�1Fm
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k� 1
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AðFmþ1Þið�FmÞk�1�i

¼ ð�1Þk�1FmðFmþ1 � FmÞk�1 ðby using the binomial theoremÞ

¼ ð�1Þk�1FmðFm�1Þk�1 ðfrom ð2ÞÞ

¼ ð�1Þk�1FmFðk�1Þ
ðm�1Þðk�1Þ ðfrom ð5Þ with r ¼ 0Þ:
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