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a b s t r a c t

In this paper we present an ‘‘iteration” technique for a class of differential equation having
the form z00 ¼ kz, where k is a function in C1. We show that we can construct not only the
general solution of the reduced wave equation but also the general solution of the Riccati
differential equation by using this iteration technique if the given function k is satisfies the
condition

k2n�1

k2n�2
¼ k2n�3

k2n�4
:¼ b:

Then we give a simple application of this technique to inverse conductive scattering
problem for an inhomogeneous spherical medium.

� 2010 Elsevier Inc. All rights reserved.

1. Introduction

The wave equation is an important partial differential equation that describes a variety of waves, such as sound, light and
water waves. It arises in acoustic, electromagnetic and fluid dynamics.

The propagation of waves in a homogeneous, isotropic medium is mathematically described by the wave equation.

DVðx; tÞ � 1
c2 Vttðx; tÞ ¼ 0; ð1:1Þ

where D is the Laplace operator and c denotes the speed of propagation. If the problems involve the time-harmonic waves,
i.e. wave fields of the form

Vðx; tÞ ¼ uðxÞe�iwt; ð1:2Þ

where i ¼
ffiffiffiffiffiffiffi
�1
p

and w denotes the speed of propagation, then the wave equation can be reduced to the homogeneous scalar
Helmholtz equation

DuðxÞ þ k2uðxÞ ¼ 0; k ¼ w
c
: ð1:3Þ

Some particular solution of Eq. (1.3) in Rnðn ¼ 1;2;3Þ have been investigated in [3,17,18].
If we consider an inhomogeneous absorbing medium in R3 and if we assume that the inhomogeneity is compactly sup-

ported, the propagation of time-harmonic acoustic waves in the medium is governed by the equation

DuðxÞ þ k2nðxÞuðxÞ ¼ 0; x 2 R3; ð1:4Þ
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where u describes the pressure field, k > 0 is the wave number and nðxÞ ¼ n1ðxÞ þ i n2ðxÞ
k is the refractive index of the medium

[6,16,19].
Elementary solution of the reduced wave equation for variable index of refraction n is well-known (point source)

u ¼ expðikRÞ
R where R2 ¼ ðx� x0Þ2 þ ðy� y0Þ

2 þ ðz� z0Þ2 and (line source) u ¼ ipHð1Þ0 ðkQÞ; where Q 2 ¼ ðx� x0Þ2 þ ðy� y0Þ
2 and

Hð1Þ0 is the Hankel function of the first kind of order zero. If the medium is homogeneous ðn ¼ 1Þ the solutions are known
to be very few in number. Additionally, for layered media ½n ¼ nðyÞ� Pekeris’ solution [15] for a point source in a medium
specified by n ¼ y�1 is

u ¼ 2ðyy0Þ
1
2

RR0
exp 2i k2 � 1

4

� �1
2

tanh�1 R
R0

� �" #
; ð1:5Þ

with R02 ¼ ðx� x0Þ2 þ ðyþ y0Þ
2 þ ðz� z0Þ2; and Kormilitsin’s solution [12] for a line source extending parallel to the z axis in a

medium specified by n ¼ y
1
2 is

u ¼
Z 1

0
exp ik

Q 2

2f
þ yþ y0ð Þ f

4
� f3

96

 !" #
df
f
: ð1:6Þ

Holford [11] has discussed the elementary solution of reduced wave equation in two dimensions for which the refraction
index is the form n ¼ ðAþ BxþþCyþ Dx2 þ Exyþ Fy2Þ

1
2.

Colton and Wendland [7] have discussed the exterior Neumann problem for the reduced wave equation in a spherical
symmetric medium. Li et al. [13] have presented an exact solution of the Helmholtz equation for n ¼ ð1þ AzÞ

1
2. Hilton

[10] has studied the Strum–Liouville solution of the 3D-wave equation when the refractive index depends only on the radial
variable r ¼ jxj. Chomorro et al. [4] have obtained the exact solution of the nonlinear Helmholtz equation by a lucid gener-
alization of paraxial solution theory.

However, in recent years a lot of useful numerical methods and solutions have been presented for the reduced wave equa-
tion with variable coefficient [1,4,8,12,13].

The main purpose of this article is to present a new method for the solution of Eq. (1.4) and the Riccati differential
equation.

The rest of this article is organized as follows: in Section 2, we introduce a model solution for Eq. (1.4) and we shall give a
new technique, which can be called the asymptotic iteration method [5], to solve a second-order linear differential equations
of the form z00 ¼ k0ðrÞz, where k0 2 C1ð0; rÞ. In Section 3, we give an application for the inverse conductive scattering problem
by the solution of Eq. (1.4) with new method. Finally in Section 4 we present some remarks.

2. Analytic solution of the reduced wave equation

Let R ¼ Rðx; yÞ ¼ jx� yj denote the distance between two typical points x and y in R3. A fundamental solution of the scalar
Helmholtz equation Duþ k2u ¼ 0; k > 0, is a two point function of position Uðx; yÞ which for convenience can be written in
the form

Uðx; yÞ ¼ � 1
4p

eikR

R
; R – 0: ð2:1Þ

If we choose that one of these two points fixed then the fundamental solution Uðx; yÞ becomes a one variable function. Let
y be fixed point, then Uðx; yÞ is a solution of the scalar Helmholtz equation in R3 n fyg. If we choose the point y as the origin
then R ¼ jxj and we denote as usual r ¼ jxj. Then the fundamental solution of the scalar Helmholtz equation can be consid-
ered as a radial function. In addition, we know that the real and imaginary parts of the fundamental solution are also a solu-
tion of the scalar Helmholtz equation.

In the rest of this paper, we assume that nðxÞ ¼ nðjxjÞ ¼ nðrÞ and denote

PðrÞ :¼ k2 � k2nðrÞ: ð2:2Þ

Lemma 1. Let f : R3 ! R n f0g be a continuous function that has first and second derivatives and satisfies the equation

PðrÞ ¼ � f 00ðrÞ
f ðrÞ þ 2

ðf 0ðrÞÞ2

f 2ðrÞ � ð2k cot krÞ f
0ðrÞ

f ðrÞ ð2:3Þ

then

uðxÞ ¼ sin kr
rf ðrÞ ; r ¼ jxj ð2:4Þ

satisfies Eq. (1.4).

Note. In the rest of this paper, for the sake of simplicity we use only f and P instead of f ðrÞ and PðrÞ.
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