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a b s t r a c t

We investigate the weighted composition operator from the weighted Bergman space into
the weighted Hardy space on the unit ball. As a consequence of the investigation, we also
give a characterization for the boundedness and compactness of the operator whose the
target space is the Hardy space.
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1. Introduction

Let B denote the open unit ball of the complex n-dimensional Euclidean space Cn and HðBÞ denote the space of all holo-
morphic functions on B. For 0 < p <1 and b P 0 we define the weighted Hardy space Hp

bðBÞ as follows:

Hp
bðBÞ ¼ f 2 HðBÞ : sup

0<r<1
ð1� rÞb

Z
@B

jf ðrfÞjp drðfÞ <1
� �

;

where dr is the normalized Lebesgue measure on the boundary @B of B (see, also [15], as well as [10], for an equivalent def-
inition of the space). We also define the norm k � kHp

b
on this space as follows:

kfkp
Hp

b
¼ sup

0<r<1
ð1� rÞb

Z
@B

jf ðrfÞjp drðfÞ:

Furthermore we consider the weighted Bergman space Ap
aðBÞð0 < p <1; a > �1Þ and the Hardy space HpðBÞð0 < p <1Þ

defined by

Ap
aðBÞ ¼ f 2 HðBÞ : kfkp

Ap
a
¼
R

B
jf ðzÞjpcað1� jzj2ÞadVðzÞ <1

n o
;

HpðBÞ ¼ f 2 HðBÞ : kfkp
Hp ¼ sup

0<r<1

R
@B
jf ðrfÞjpdrðfÞ <1

� �
;

where dV is the normalized Lebesgue measure on B and ca is a normalization constant, that is, it is chosen such that
k1kAp

a
¼ 1. For the sake of convenience, we use the notation dVaðzÞ ¼ cað1� jzj2ÞadVðzÞ. By these definitions of spaces, we

see that Hp
bðBÞ coincides with HpðBÞ when b ¼ 0 and Hp

aðBÞ is a closed subspace in Ap
aðBÞ when a P 0.

Let u be a holomorphic self-map of B and u 2 HðBÞ. Then u and u induce a weighted composition operator uCu on HðBÞ
which is defined by uCuf ¼ uðf �uÞ. This type of operators acting between various spaces of holomorphic functions, has been
studied by many authors. For some classical results, see, for example, [3]. When one of the spaces is the Bloch-type or the
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weighted-type space, this operator have been considered, for example, in [2,5–9,16–19,21,26,29–31] (see also the references
therein). In the following papers [11,23–25,27], uCu acting between the weighted Bergman space and the Hardy space on the
unit ball has been studied (see also [4] for the one-dimensional case). These papers characterized the boundedness and com-
pactness of uCu in terms of the Carleson measure condition and the behavior of some integral transform which involves sym-
bols u and u. However they did not give a characterization for the case uCu : Ap

aðBÞ ! HqðBÞ.
In this paper, we will consider the boundedness and compactness of the operator uCu : Ap

aðBÞ ! Hq
bðBÞ. We also give an

estimate for the essential norm of the operator (for some related results, see, for example, [3,19,20,25,28] and the references
therein). As a consequence of our main results, we characterize the boundedness and compactness of uCu : Ap

aðBÞ ! HqðBÞ.

2. Auxiliary results

In order to prove our results, we will need some notation and lemmas.

Lemma 1. Let 0 < p <1 and a > �1. Suppose f 2 HðBÞ and z 2 B. Then

jf ðzÞj 6 ð1� jzj2Þ�
aþnþ1

p kfkAp
a
:

Proof. This result is well-known. Its proof can be found in [1, Corollary 3.5]. h

Let uzðz 2 BÞ be the biholomorphic involution of B described in [13, p. 25]. For z 2 B and 0 < r < 1, we set Eðz; rÞ ¼ uzðrBÞ.
According to [13, p. 29, Section 2.2.7], Eðz; rÞ consists of all w 2 B that satisfy

jPzw� cj2

ðrqÞ2
þ jw� Pzwj2

r2q
< 1;

where Pzw ¼ hw;zihz;zi z, c ¼ ð1�r2Þz
1�ðrjzjÞ2

and q ¼ 1�jzj2

1�ðrjzjÞ2
.

Lemma 2. Let 0 < p <1 and f 2 HðBÞ. Then

jf ðzÞjp 6 ð1� r2Þn

r2n

Z
Eðz;rÞ
jf ðwÞjpð1� jwj2Þ�n�1dVðwÞ;

for each r;0 < r < 1.

Proof. The M-subharmonicity of jf jp verifies the above estimate. For the detail of the proof, we can refer [22, p. 33]. h

Recall that every f 2 HðBÞ has the homogeneous expansion

f ðzÞ ¼
X1
k¼0

X
jcj¼k

cðcÞzc;

where c ¼ ðc1; . . . ; cnÞ is a multi-index, jcj ¼ c1 þ � � � þ cnand zc ¼ zc1
1 . . . zcn

n . For the homogeneous expansion of f and any
integer j P 1, let

Rjf ðzÞ ¼
X1
k¼j

X
jcj¼k

cðcÞzc;

and Kj ¼ I � Rj where If ¼ f is the identity operator.

Lemma 3. Let a > �1. If 1 < p <1, then kRjfkAp
a
! 0 as j!1 for each f 2 Ap

aðBÞ.

Proof. See [25, Corollary 2.1]. h

Lemma 3 and the uniform boundedness principle show that ðRjÞj2N is a uniformly bounded sequence in Ap
aðBÞ.

Lemma 4. If uCu is bounded from Ap
aðBÞ into Hq

bðBÞ, then

kuCuke;Ap
aðBÞ!Hq

b
ðBÞ 6 lim inf

j!1
kuCuRjkAp

aðBÞ!Hq
b
ðBÞ;

where k � ke;Ap
aðBÞ!Hq

b
ðBÞ and k � kAp

aðBÞ!Hq
b
ðBÞ denote the essential norm and the operator norm respectively.

Proof. See [3, p. 134, Lemma 3.16] h

Lemma 5. Let 1 < p <1 and a > �1. For each w 2 B, positive integer j and f 2 Ap
aðBÞ,

jRjf ðwÞj 6 kfkAp
a

X1
k¼j

Cðkþ nþ 1þ aÞ
k!Cðnþ 1þ aÞ jwj

k
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