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1. Introduction

Let B denote the open unit ball of the complex n-dimensional Euclidean space C" and H(B) denote the space of all holo-
morphic functions on B. For 0 < p < co and 8 > 0 we define the weighted Hardy space H’;;(B) as follows:

HE(B) = {feH(B): sup (1—1) / FrOP do(0) <oc}
O0<r<1

where do is the normalized Lebesgue measure on the boundary OB of B (see, also [15], as well as [10], for an equivalent def-

inition of the space). We also define the norm || - HHﬁ on this space as follows:

11 = sup (1 =7) / FroOP (o).

Furthermore we consider the weighted Bergman space A%(B)(0 < p < oo, & > —1) and the Hardy space HP(B)(0 < p < o0)
defined by

A(B) = {f € H®): Ifll}, = fy f@P (1~ 2PV dV(z) < oo},
H(®) = {1 € HE) 11y = sup [ P do(©) < .

where dV is the normalized Lebesgue measure on B and c, is a normalization constant, that is, it is chosen such that
(1]l = 1. For the sake of convenience, we use the notation dV,(z) = ¢,(1 - 1z*)*dV (z). By these definitions of spaces, we
see that HY(B) coincides with H”(B) when g = 0 and H}(B) is a closed subspace in A%(B) when « > 0.

Let ¢ be a holomorphic self-map of B and u € H(B). Then ¢ and u induce a weighted composition operator uC, on H(B)
which is defined by uC,f = u(f o ¢). This type of operators acting between various spaces of holomorphic functions, has been
studied by many authors. For some classical results, see, for example, [3]. When one of the spaces is the Bloch-type or the
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weighted-type space, this operator have been considered, for example, in [2,5-9,16-19,21,26,29-31] (see also the references
therein). In the following papers [11,23-25,27], uC, acting between the weighted Bergman space and the Hardy space on the
unit ball has been studied (see also [4] for the one-dimensional case). These papers characterized the boundedness and com-
pactness of uC, in terms of the Carleson measure condition and the behavior of some integral transform which involves sym-
bols u and ¢. However they did not give a characterization for the case uC, : A% (B) — HY(B).

In this paper, we will consider the boundedness and compactness of the operator uC, : A% (B) — H}(B). We also give an
estimate for the essential norm of the operator (for some related results, see, for example, [3,19,20,25,28] and the references
therein). As a consequence of our main results, we characterize the boundedness and compactness of uC, : AL (B) — H(B).

2. Auxiliary results

In order to prove our results, we will need some notation and lemmas.

Lemma 1. Let 0 < p < co and o > —1. Suppose f € H(B) and z € B. Then

F@l <1127 Ifllg-

1+n 1

Proof. This result is well-known. Its proof can be found in [1, Corollary 3.5]. O

Let ¢,(z € B) be the biholomorphic involution of B described in [13, p. 25]. Forze Band 0 < r < 1, we set E(z,1) = ¢,(rB).
According to [13, p. 29, Section 2.2.7], E(z,r) consists of all w € B that satisfy

P,w—c|*  |w—Pw
(rp)? r’p
(wz) _ (-
where P,w = N (r|z\2 and p =
Lemma 2. Let 0 < p < oo and f € H(B). Then

fap < I

<1,

17uﬁ
1-(rlz)*”

Fw)lP(1 —w*) ™" dV(w),

E(zr)

foreachr,0 <r < 1.

Proof. The .#-subharmonicity of |fP verifies the above estimate. For the detail of the proof, we can refer [22, p. 33]. O
Recall that every f € H(B) has the homogeneous expansion
=> > cn?,
k=0 |y|=k

where y = (y,,...,7,) is a multi-index, |y| =y, +---+ y,and 27 =z]' ... z". For the homogeneous expansion of f and any
integer j > 1, let

=D 7,
[T
and Kj = I — R; where If = f is the identity operator.
Lemma 3. Let o0 > —1. If 1 < p < oo, then ||Rif||op — 0 as j — oo for each f € AL(B).
Proof. See [25, Corollary 2.1]. O
Lemma 3 and the uniform boundedness principle show that (R;),.,, is a uniformly bounded sequence in A}(B).
Lemma 4. If uC, is bounded from A}(B) into Hq(B) then

[UCollep &) —Hi® 11m1nf||uC(pR,||Ap B)—HI(B):
where || || g B)—H](B) and | - |l )-HI(E , denote the essential norm and the operator norm respectively.
Proof. See [3, p. 134, Lemma 3.16] O

Lemma 5. Let 1 < p < oo and o > —1. For each w € B, positive integer j and f € A’(B),

(k+n+1+o K
IRif W)[ < [Ifllap Z Wl—f—a)) jwi’
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