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a b s t r a c t

In this paper, based on a new general ansätze, the extended G0

G

� �
-expansion method is

proposed to seek exact solutions of nonlinear evolution equations. Being concise and
straightforward, this method is applied to construct travelling wave solutions of
Whitham–Broer–Kaup–Like equations and coupled Hirota–Satsuma KdV equations. By
using this method, new exact solutions involving parameters, expressed by three types
of functions which are the hyperbolic functions, the trigonometric functions and the
rational functions, are obtained. When the parameters are taken as special values, some
solitary wave solutions are derived from the hyperbolic function solutions.

� 2009 Elsevier Inc. All rights reserved.

1. Introduction

In the present paper, we will seek exact solutions of the following two nonlinear evolution equations (NLEEs): one is the
Whitham–Broer–Kaup–Like (WBKL) equations [1] in the form

ut þ uux þ cHx þ buxx ¼ 0;
Ht þ ðHuÞx þ auxxx � bHxx ¼ 0;

�
ð1:1Þ

where a; b; c are real constants, and another is the coupled Hirota–Satsuma KdV (CHSK) equations [2] in the form

ut ¼ 1
4 uxxx þ 3uux � 6vvx;

v t ¼ � 1
2 vxxx � 3uvx;

(
ð1:2Þ

which is first proposed by Hirota–Satsuma in 1981 [3]. It is necessary to point out that when the parameters are taken as
different values, the following celebrated NLEEs can be derived from Eq. (1.1).

(i) When c ¼ 1, we have the Whitham–Broer–Kaup equations [4]

ut þ uux þ Hx þ buxx ¼ 0;
Ht þ ðHuÞx þ auxxx � bHxx ¼ 0:

�
ð1:3Þ

(ii) When a ¼ 0; c ¼ 1, we get the approximate equations for long wave equations
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ut þ uux þ Hx þ buxx ¼ 0;
Ht þ ðHuÞx � bHxx ¼ 0:

�
ð1:4Þ

(iii) When a ¼ c ¼ 1; b ¼ 0, we obtain the variant Boussinesq equations [5,6]

ut þ uux þ Hx ¼ 0;
Ht þ ðHuÞx þ uxxx ¼ 0:

�
ð1:5Þ

(iv) When a ¼ 1
3 ; b ¼ 0; c ¼ 1, we get the dispersive long wave equations [7,8]

ut þ uux þ Hx ¼ 0;
Ht þ ðHuÞx þ 1

3 uxxx ¼ 0:

(
ð1:6Þ

It is clear to see that both Eqs. (1.1) and (1.2) are very important in the field of mathematical physics. Therefore, it is a
significant task to search for explicit solutions of the two equations. Up to now, many powerful methods have been estab-
lished and developed to obtain analytic solutions of NLEEs, such as the inverse scattering method [9], the truncated Painlevé
expansion [10], the Bäcklund transformation [11], the Darboux transformation [12], the Lie symmetries method [13], the
homogenous balance method [14–16], and so on.

In recent years, direct methods [17–28] to construct exact solutions of NLEEs have become more and more attractive
partly due to the availability of symbolic computation packages like Maple and Mathematica, which enable us to perform
the tedious and complex computation on computer. One of the most effective direct methods to construct travelling wave
solutions of NLEEs is the G0

G

� �
-expansion method, which was first proposed by Wang et al. in Ref. [29]. The G0

G

� �
-expansion

method is based on the assumptions that the travelling wave solutions of NLEEs can be expressed by a polynomial in G0

G

� �
,

where G ¼ GðnÞ satisfies the following second order linear ordinary differential equation (LODE)

G00 þ kG0 þ lG ¼ 0; ð1:7Þ

where G00 ¼ d2GðnÞ
dn2 ;G0 ¼ dGðnÞ

dn ; n ¼ x� Vt; k;l and V are constants. The degree of the polynomial can be determined by consid-
ering the homogeneous balance between the highest order derivatives and nonlinear terms in the given NLEEs, and the
coefficients of the polynomial can be obtained by solving a set of algebraic equations resulted from the process of using

the G0

G

� �
-expansion method. By means of this method, Wang et al. successfully obtained more travelling wave solutions of

four NLEEs in Ref. [29]. As we know, the choice of an appropriate ansätz is of great importance when using the direct meth-
ods. In this paper, based on a new general ansätze, we propose the extended G0

G

� �
-expansion method, which can be used to

obtain explicit solutions of NLEEs.
The rest of this paper is organized as follows: In the following Section 2, a general theory of the extended G0

G

� �
-expansion

method for finding out exact solutions of NLEEs is described. In Section 3, we illustrate the applications of this method to the
Whitham–Broer–Kaup–Like Eq. (1.1) and coupled Hirota–Satsuma KdV Eq. (1.2). In Section 4, some conclusions are given.

2. Description of the extended G0
G

� �
-expansion method

Suppose that a nonlinear evolution equation, say in two independent variables x and t, is given by

Pðu;ut ;ux;utt ;uxx;uxt . . . ; Þ ¼ 0; ð2:1Þ

where u ¼ uðx; tÞ is an unknown function, P is a polynomial in u ¼ uðx; tÞ and its various partial derivatives, in which
the highest order derivatives and nonlinear terms are involved. In the following, we give the main steps of the extended

G0

G

� �
-expansion method.

Step 1 : Use the travelling wave transformation:

uðx; tÞ ¼ uðnÞ; n ¼ x� Vt; ð2:2Þ

where V is a constant to be determined latter. Then, the NLEE (2.1) is reduced to the following nonlinear ordinary differential
equation (NLODE) for u ¼ uðnÞ:

Pðu;�Vu0;u0;V2u00; u00;�Vu00 . . .Þ ¼ 0: ð2:3Þ

Step 2 : We suppose that the NLODE (2.3) has the following solution:

uðnÞ ¼ a0 þ
Xn

i¼1

ai
G0

G

� �i

þ bi
G0

G

� �i�1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r 1þ 1

l
G0

G

� �2
 !vuut

8<
:

9=
;; ð2:4Þ
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