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a b s t r a c t

In this paper, we investigate boundary value problems for first order impulsive differential-
algebraic problems with causal operators. Note that a corresponding boundary condition is
given by a nonlinear function. Using a monotone iterative method we formulate general
sufficient conditions under which such problems have solutions (extremal or a unique).
An example shows that corresponding assumptions are satisfied. The results are new.

� 2009 Elsevier Inc. All rights reserved.

1. Introduction

Let J ¼ ½0; T�; E ¼ CðJ;RÞ and Q 2 CðE; EÞ. We shall say that Q is a causal operator, or nonanticipative, if the following prop-
erty holds: for each couple of elements of E such that uðsÞ ¼ vðsÞ for 0 6 s 6 t, there results ðQuÞðsÞ ¼ ðQvÞðsÞ for 0 6 s 6 t
with t < T arbitrary, for details see [3].

Let 0 ¼ t0 < t1 < � � � < tm < tmþ1 ¼ T. Put J0 ¼ J n ft1; t2; . . . ; tmg. In this paper, we investigate nonlinear two-point boundary
value problems for impulsive functional differential-algebraic equations with causal operators Q 1;Q 2 of the form

x0ðtÞ ¼ Q 1ðx; yÞð ÞðtÞ; t 2 J0;

Dx tkð Þ ¼ Ik xðtkÞð Þ; k ¼ 1;2; . . . ;m;
0 ¼ gðxð0Þ; xðTÞÞ;
yðtÞ ¼ Q 2ðx; yÞð ÞðtÞ;

8>>><
>>>:

ð1Þ

where as usual Dx tkð Þ ¼ x tþk
� �

� x t�k
� �

; x tþk
� �

and xðt�k Þ denote the right and left limits of x at tk, respectively.
Differential equations with causal operators are discussed in book [5], see also the references therein. To find approximate

solutions of nonlinear differential problems we can use the monotone iterative method, for details see for example [22]. We
have many applications of this technique to boundary value problems of nonlinear (impulsive) differential equations, see for
example [4,6,10,12–16,21,23–26], see also [1,27–29]. Recently, this technique was also applied to problems with causal
operators, see for example [7–9,17–20].

Differential-algebraic equations appeared in mathematical models of various problems of physics, engineering, chemistry
and other branches of sciences, see [3]. Quite general classes of integro-algebraic systems and differential-algebraic systems
are investigated in paper [2]; see also [11]. In this paper, we extend the application of the monotone iterative technique to
find solutions (extremal) of nonlinear two-point boundary value problems for differential-algebraic equations with causal
operators.
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2. Linear impulsive differential inequalities

Put J0 ¼ 0; t1½ �; Jk ¼ ðtk; tkþ1�; k ¼ 1;2; . . . ;m. Let us introduce the spaces:

PCðJÞ ¼ PCðJ;RÞ ¼
x : J ! R; xjJk

2 CðJk;RÞ; k ¼ 0;1; . . . ;m

and there exist x tþk
� �

for k ¼ 1;2; . . . ;m

( )

and

PC1ðJÞ ¼ PC1ðJ;RÞ ¼
x 2 PCðJÞ; xjJk

2 C1ðJk;RÞ; k ¼ 0;1; . . . ;m

and there exist x0 tþk
� �

for k ¼ 1;2; . . . ;m

( )
:

We shall first concentrate our attention to differential inequalities with positive linear operators. We shall say that a linear
operator L 2 CðE; EÞ is a positive linear operator if ðLmÞðtÞP 0 provided that mðtÞP 0 on J. We need the following

Lemma 1 (see [18]). Let L 2 CðE; EÞ be a positive linear operator. Let K 2 CðJ;RÞ; Lk 2 ½0;1Þ; k ¼ 1;2; . . . ;m. Let p 2 PC1ðJ;RÞ
and

p0ðtÞ 6 �KðtÞpðtÞ � ðLpÞðtÞ; t 2 J0;

Dp tkð Þ 6 �Lkp tkð Þ; k ¼ 1;2; . . . ;m;

pð0Þ 6 rpðTÞ; 0 6 r 6 e
R T

0
KðsÞds

:
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In addition, we assume thatZ T

0
e
R s

0
KðsÞdsðL�pÞðsÞdsþ

Xm

i¼1

Li 6 1 with �pðtÞ ¼ e�
R t

0
KðsÞds

: ð2Þ

Then pðtÞ 6 0; t 2 J.

In Lemma 1, it is assumed that K 2 CðJ;RÞ and r is bounded by 0 6 r 6 q � e
R T

0
KðsÞds. Note that q depends on K, and q may be

bigger or less than 1. Condition (2) is important in Lemma 1. If we assume that K 2 C J;Rþð Þ and 0 6 r 6 1, then, in the place
of condition (2), we can also obtain another condition. This case is discussed in the next lemma.

Lemma 2. (see [18]) Let L 2 CðE; EÞ be a positive linear operator. Let K 2 C J;Rþð Þ, Lk 2 ½0;1Þ; k ¼ 1;2; . . . ;m. Let p 2 PC1ðJ;RÞ
and

p0ðtÞ 6 �KðtÞpðtÞ � ðLpÞðtÞ; t 2 J0;

DpðtkÞ 6 �LkpðtkÞ; k ¼ 1;2; . . . ;m;

pð0Þ 6 rpðTÞ; 0 6 r 6 1:

8><
>:

In addition, we assume thatZ T

0
KðsÞ þ ðL1ÞðsÞ½ �dsþ

Xm

i¼1

Li 6 1: ð3Þ

Then pðtÞ 6 0; t 2 J.

3. Linear impulsive differential equations

Now we consider the following impulsive problem:

v 0ðtÞ ¼ �KðtÞvðtÞ � ðLvÞðtÞ þ gðtÞ; t 2 J0;

v tþk
� �

¼ 1� Lkð Þv tkð Þ þ ck; k ¼ 1;2; . . . ;m;

vð0Þ ¼ rvðTÞ þ b; b 2 R; 0 6 r:

8>><
>>: ð4Þ

The next theorem concerns conditions under which problem (4) has a unique solution.

Theorem 1 (see [18]). Let K 2 CðJ;RÞ; g 2 PCðJÞ; Lk 2 ½0;1Þ; ck 2 R; k ¼ 1;2; . . . ;m. Let L 2 CðE; EÞ be a positive linear operator

and let r1 ¼ re�
R T

0
KðsÞds – 1. In addition, we assume that q1 < 1 with

q1 ¼ sup
t

e�
R t

0
KðsÞds

j1� r1j
r1

Z T

t
e
R s

0
KðsÞdsðL1ÞðsÞdsþ

Z t

0
e
R s

0
KðsÞdsðL1ÞðsÞdsþ r1

Xm

i¼kþ1

0Lie
R ti

0
KðsÞds þ

Xk

i¼1

0Lie
R ti

0
KðsÞds

" #
: ð5Þ

Then problem (4) has a unique solution v 2 PC1ðJÞ.
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