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1. Introduction

Let] =[0,T], E = C(J,R) and Q € C(E, E). We shall say that Q is a causal operator, or nonanticipative, if the following prop-
erty holds: for each couple of elements of E such that u(s) = v(s) for 0 < s < t, there results (Qu)(s) = (Qv)(s) for0 <s <t
with t < T arbitrary, for details see [3].

LetO =ty <ty <-- <tpm<tmy=T.Put] =]\ {t1,t2,...,tn}. In this paper, we investigate nonlinear two-point boundary
value problems for impulsive functional differential-algebraic equations with causal operators Q;,Q, of the form

where as usual Ax(t,) = x(t) — x(t;); x(t)) and x(t;) denote the right and left limits of x at t;, respectively.

Differential equations with causal operators are discussed in book [5], see also the references therein. To find approximate
solutions of nonlinear differential problems we can use the monotone iterative method, for details see for example [22]. We
have many applications of this technique to boundary value problems of nonlinear (impulsive) differential equations, see for
example [4,6,10,12-16,21,23-26], see also [1,27-29]. Recently, this technique was also applied to problems with causal
operators, see for example [7-9,17-20].

Differential-algebraic equations appeared in mathematical models of various problems of physics, engineering, chemistry
and other branches of sciences, see [3]. Quite general classes of integro-algebraic systems and differential-algebraic systems
are investigated in paper [2]; see also [11]. In this paper, we extend the application of the monotone iterative technique to
find solutions (extremal) of nonlinear two-point boundary value problems for differential-algebraic equations with causal
operators.
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2. Linear impulsive differential inequalities

Put J, = [0, t1], Jx = (tk, tks1], kK =1,2,...,m. Let us introduce the spaces:
x:J—-R, x|, €eCJ,,R), k=0,1,...,m
e L j € CULB)
and there exist x(t;) for k=1,2,...,m
and
x e PC()), x|, €C'(J,R), k=0,1,....m
Pclw_Pclg,R)_{ ). € C'Uw R) : }

and there exist x' () for k=1,2,....m

We shall first concentrate our attention to differential inequalities with positive linear operators. We shall say that a linear
operator ¥ € C(E,E) is a positive linear operator if (¥m)(t) > 0 provided that m(t) > 0 on J. We need the following

Lemma 1 (see [18]). Let & € C(E,E) be a positive linear operator. Let K € C(J,R),L, € [0,1), k=1,2,...,m. Let p € PC'(J, R)
and

p'(t) < —K(0p(t) - (£p)(t), te],
Ap(tk) < _Lkp(t/()7 k= 1727"'7m7
T
p(0) <mp(T), 0<r< e o K.
In addition, we assume that
T s m t
/ el KO (gp)(s)ds + S L <1 with p(e) = e b KO, 2)
i=1

0
Thenp(t) <0, te].

T
In Lemma 1, it is assumed that K € C(J,R) and ris bounded by 0 < r < p = eJo % Note that p depends on K, and p may be
bigger or less than 1. Condition (2) is important in Lemma 1. If we assume that K € C(J,R,) and 0 < r < 1, then, in the place
of condition (2), we can also obtain another condition. This case is discussed in the next lemma.

Lemma 2. (see [18]) Let ¥ € C(E,E) be a positive linear operator. Let K € C(J, R;), L, € [0,1), k=1,2,...,m. Letp € pc! U, R)
and

Ap(tk) < 7Lkp(tk)7 k= 1727 .o, m,
p(0) <mp(T), 0<r<1.

In addition, we assume that
T m
/ [K(s) + (21)(s))ds + > L < 1. 3)
0 i=1

Thenp(t) <0, te].

3. Linear impulsive differential equations

Now we consider the following impulsive problem:
v(t) = -K(O)v(t) - (Lo)(t) + (1), te],
v(tf) =1 -Lyv(te) +y, k=1,2,....m, (4)
v0)=rv(T)+p, PR, 0T
The next theorem concerns conditions under which problem (4) has a unique solution.

Theorem 1 (see[18]).LetK € C(J,R), n € PC(J), L, € [0,1), 7, € R, k=1,2,...,m. Let & € C(E,E) be a positive linear operator

JTK(s)ds

and letri =re” # 1. In addition, we assume that p; < 1 with

- fO[ K(s)ds

pl ¢ |]7r]|

T s t s m ot k o
{ﬁ/ els 1<(r)dr(y1)(s)ds+/ els KO (1) (s)ds + 14 Z’Liejo K(s)dSJrZ'Liej” K)ds | (5)
t 0 i=1

i=k+1

Then problem (4) has a unique solution v € PC'()).
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