
Adaptive complete synchronization of the noise-perturbed two
bi-directionally coupled chaotic systems with time-delay and
unknown parametric mismatch

Yuzhu Xiao *, Wei Xu, Sufang Tang, Xiuchun Li
Department of Applied Mathematics, Northwestern Polytechnical University, Xi’an 710072, China

a r t i c l e i n f o

Keywords:
Noise-perturbed
Parametric mismatch
Time-delay
Complete synchronization
Bi-directionally coupling
Adaptive control

a b s t r a c t

In this paper, we design an adaptive-feedback controller to synchronize a class of noise-
perturbed two bi-directionally coupled chaotic systems with time-delay and unknown
parametric mismatch. Based on invariance principle of stochastic time-delay differential
equations, some sufficient conditions of adaptive complete synchronization are given.
Comparing with other papers, here we consider the effect of internal noise, time-delay
and parametric mismatch in the synchronized process. As the illustrative examples, the
famous Lorenz system and Rössler system are considered here. In order to validate the pro-
posed scheme, numerical simulations are performed, and the numerical results show that
our scheme is very effective.

� 2009 Elsevier Inc. All rights reserved.

1. Introduction

Synchronization of oscillations is an omnipresent phenomenon in natural systems and artificial oscillators, which has
been well known to scientists, since the historical observation of phenomenon in coupled pendulum clocks [1] by Huygens.
In the classical sense, synchronization means the adjustment or entrainment of the frequency of periodic oscillators by
means of week interaction [2]. This phenomenon has been well studied and applied in electrical and mechanical engineering.
With recent widespread studies of chaotic systems, the notion of synchronization has been extended to the chaotic system. It
is well known that the sensitivity to initial condition is generic character of chaotic oscillators. Two chaotic orbits, starting
from slightly different initial points, separate exponentially with time. Due to this generic feature of chaotic systems, the
chaotic synchronization is deem to have a great amount of application areas, such as physics [3], biology [4], signal engineer-
ing [5], chemistry [6] and ecological science [7]. In recent years, chaotic synchronization has been studied extensively by
many scientists, and various modern control methods have been proposed to synchronize chaotic systems, such as back-
stepping design [8], linear feedback control [9], nonlinear control [10], adaptive control [11], active control [12], or adaptive
active control [13]. However, most of above methods are just proposed for uni-directionally coupled identical systems, and
did not consider the effect of noise in the synchronized process.

In fact, many systems should be described by bi-directionally coupled systems, and the synchronization between bi-
directionally coupled systems is also an interesting topic. The chaotic systems are inevitably exposed to an environment
which may cause their parameters a little different, and it is also difficult to estimate this parameters mismatch exactly.
In practice, we should consider the effect of parametric mismatch in the synchronized process. It is well known that the
mixing of useful signal and noise takes place during transfer of the information through communication channel, so
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synchronization is unavoidably subject to internal and external noise. In the past two decades, many scientists were inter-
ested in investigation of noise’s effect on chaotic synchronization, and different roles of noise in synchronization were re-
ported [14–16]. However, most of results are acquired by numerical simulations. Recently, in [17] some sufficient
conditions for complete synchronization of noise-perturbed coupled chaotic systems were established, and a good method
was provided to study the chaotic system perturbed by internal noise.

Motivated by above analysis, in this paper we will design an adaptive controller to synchronize the noise-perturbed two
bi-directionally coupled chaotic systems with time-delayed and unknown parametric mismatch. Moreover, based on the so-
called LaSalle-type invariance principle for stochastic differential equation proposed by Mao in [18], the sufficient conditions
of the complete synchronization via this control scheme are given. The rest of paper is organized as follows. In Section 2, an
adaptive-feedback controller is designed, and the criterion for complete synchronization is established. In Section 3, in order
to validate the proposed synchronization scheme, the famous Lorenz system and Rössler are used as illustrative examples.
Finally, some conclusions are written in Section 4.

2. Adaptive synchronization scheme

We begin with considering an n-dimensional chaotic system in the form of

_x ¼ Fðx;pÞ; ð1Þ

where x ¼ ðx1; x2; . . . ; xnÞT 2 Rn is the state vector, F ¼ ðF1; F2; . . . ; FnÞT : Rn ! Rn is continuous nonlinear vector function. In
this paper, we assume Fðx;piÞ can be written as the following form:

Fðx;pÞ ¼ cðxÞ þ pf ðxÞ: ð2Þ

Here cðxÞ ¼ ðc1ðxÞ; c2ðxÞ; . . . ; cnðxÞÞT and f ðxÞ ¼ ðf1ðxÞ; f2ðxÞ; . . . ; flðxÞÞT are some smooth vector functions, and
p ¼ ðpkjÞn�l ði ¼ 1;2; . . . ;mÞ is an n� l matrixes which describe unknown parameters. One may easily check that the class
of system in the form of (1) and (2) includes almost all famous chaotic systems such as Lorenz system, Rössler system
and Chen’s system.

Consider parametric mismatch, time delay of the signal transmission and the mixing of useful signal and noise, two bi-
directionally coupled n-dimensional chaotic can be described as

_x ¼ Fðx;p1Þ þ Cðys � xÞ þ r1ðys � xsÞ _W1;

_y ¼ Fðy;p2Þ þ Cðxs � yÞ � r2ðys � xsÞ _W2;
ð3Þ

where x ¼ ðx1; x2; . . . ; xnÞT ; y ¼ ðy1; y2; . . . ; ynÞ
T 2 Rn are the state vectors. ys ¼ yðt � sÞ; xs ¼ xðt � sÞ are delayed states, and s

represents the time delay. C is an n� n real coupled matrix, which is a matrix of each node’s variables used in the coupling.
½ _WT

1;
_WT

2� ¼ ½g1ðtÞ;g2ðtÞ; . . . ;g2mðtÞ� is a 2m-dimensional white noise, in which every two elements is statistically indepen-
dent, i.e., E½gi� ¼ 0, E½giðtÞgjðt0Þ� ¼ dijdðt � t0Þ ði; j ¼ 1;2; . . . ;2mÞ. ri ¼ ðri1;ri2; . . . ;rimÞ : Rn ! Rn�m ði ¼ 1;2Þ are continuous
nonlinear matrix-valued functions, which are usually called the noise coupling strength functions.

Remark 1. The information flowing in coupled systems is not generally instantaneous. On the contrary, the finite speed of
signal transmission over a distance gives rise to a finite time delay. So in bi-directionally coupled system (3), we consider the
time-delay coupling. Obviously, the noise terms considered here are of multiplication case which can be interpreted in the
sense of Itô. This kind of noise can be regarded as a result from the internal error.

In fact, the coupled systems are inevitably affected by different environment, so it is difficult to reach synchronization for
the real-world coupled systems. In this paper, our aim is to design a simple controller to realize synchronization of coupled
system (3), so we add the controller u ¼ ðu1;u2; . . . ;unÞT 2 Rn to the second subsystem

_x ¼ Fðx;p1Þ þ Cðys � xÞ þ r1ðys � xsÞ _W1;

_y ¼ Fðy;p2Þ þ Cðxs � yÞ � r2ðys � xsÞ _W2 þ u:
ð4Þ

If we define the synchronized error e ¼ y � x, the equation of synchronization error can be expressed as

_e ¼ Fðy;p1Þ � Fðx;p2Þ � Cðy � xÞ � Cðys � xsÞ � r1ðys � xsÞ _W1 � r2ðys � xsÞ _W2 þ u; ð5Þ

where e ¼ ðe1; e2; . . . ; enÞT 2 Rn is a n-dimensional vector. The aim of synchronization is to make limt!1keðtÞk ¼ 0 with prob-
ability one, i.e., Pðlimt!1keðtÞk ¼ 0Þ ¼ 1. Here, k � k simply stands for the Euclidean norm.

By introducing the error vector e ¼ y � x, the problem of synchronization in the coupled system (4) can be translated into
a problem of how to realize the asymptotical stabilization of error system (5). So our aim is to design a simple controller u to
make the error system (5) asymptotically stable at origin with probability one.

Inspired by Huang [11], we introduce the following simple adaptive-feedback controller u:

ui ¼ eiðyi � xiÞ � qif ðyÞ; i ¼ 1;2; . . . ;n; ð6Þ
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