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a b s t r a c t

The purpose of this paper is to introduce an iterative algorithm for finding a common ele-
ment of the set of solutions for a system of mixed equilibrium problems, the set of common
fixed points for an infinite family of strictly pseudo-contractive mappings and the set of
common fixed points for nonexpansive semi-groups in Hilbert space. Under suitable con-
ditions some strong convergence theorem are proved. The results presented in the paper
extend and improve some recent results.

� 2010 Elsevier Inc. All rights reserved.

1. Introduction

Throughout this paper, we always assume that H is a real Hilbert space with inner product h�; �i and norm k � k, respec-
tively, C is a nonempty closed convex subset of H and PC is the metric projection of H onto C. In the sequel, we denote by
‘‘ !” and ‘‘ *” the strong convergence and weak convergence, respectively.

Recall that a mapping T : C ! C is said to be nonexpansive, if

kTx� Tyk 6 kx� yk; 8x; y 2 C:

We denote by FðTÞ the set of fixed points of the mapping T.
Let / : C ! R be a real-valued function and fHi : C � C ! R; i ¼ 1;2; . . . ;Ng be a finite family of equilibrium bifunctions,

i.e., Hiðu;uÞ ¼ 0 for each u 2 C. The ‘‘so-called” system of mixed equilibrium problems (SMEP) for functions ðH1;H2; . . . ;HN;/) is
to find a common element x� 2 C such that

H1ðx�; yÞ þ /ðyÞ � /ðx�ÞP 0; 8y 2 C;

H2ðx�; yÞ þ /ðyÞ � /ðx�ÞP 0; 8y 2 C;

..

.

HNðx�; yÞ þ /ðyÞ � /ðx�ÞP 0; 8y 2 C:

8>>>><
>>>>:

ð1:1Þ

We denote the set of solutions of (1.1) by X :¼
TN

i¼1XðHi;/), where XðHi;/) is the set of solutions of the equilibrium problem:

Hiðx�; yÞ þ /ðyÞ � /ðx�ÞP 0; 8y 2 C:

In particular, If / ¼ 0 and N ¼ 1, then the problem (1.1) is reduced to the equilibrium problem (EP).
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It is well-known that the SMEP includes fixed point problem, optimization problem, variational inequality problem, and
Nash equilibrium problem as its special cases.

Let C be a closed convex subset of a Hilbert space H. A family of mappings S :¼ fSðsÞ : 0 6 s <1g : C ! C is said to be a
nonexpansive semi-group, if it satisfies the following conditions:

(i) Sðsþ tÞ ¼ SðsÞSðtÞ; 8s; t 2 Rþ and Sð0Þ ¼ I;
(ii) kSðsÞx� SðsÞyk 6 kx� yk; 8x; y 2 C; s P 0;

(iii) the mapping t#SðtÞx is continuous for each x 2 C.

We denote by FðSÞ the set of common fixed points of S ¼ fSðsÞ : s P 0g, i.e., FðSÞ =
T

sP0FðSðsÞÞ
In 2008, Ceng-Yao [1] used the well-known KKM technique to prove that the sequence generated by the hybrid iterative

scheme converges to a common element of the set of solutions of MEP and the set of common fixed points of a finite family of
nonexpansive mappings in a Hilbert space.

Very recently, Saeidi [2] introduced an iterative algorithm for finding a common element of the set of solutions for a sys-
tem of equilibrium problems and the set of common fixed points for a finite family of nonexpansive mappings and the set of
common fixed points for a left amenable nonexpansive semi-group in a Hilbert space.

Motivated and inspired by Ceng-Yao [1] and Saeidi [2], the purpose of this paper is to introduce an iterative algorithm for
finding a common element of the set of solutions for a system of mixed equilibrium problems and the set of common fixed
points for an infinite family of strictly pseudo-contractive mappings and the set of common fixed points for nonexpansive
semi-groups in Hilbert space. Under suitable conditions some strong convergence theorems to converging to the unique
common element are proved. The results presented in the paper improve and extend the corresponding results in [1–4].

2. Preliminaries

Let H be a real Hilbert space and C be a nonempty closed convex subset of H. Then for each x 2 H, there exists a unique
nearest point u 2 C such that

kx� uk 6 kx� yk; 8y 2 C:

The mapping PC : x! u is called metric projection of H onto C. It is known that PC is nonexpansive and for x 2 H and u 2 C

u ¼ PCðxÞ () hx� u; u� yiP 0; 8y 2 C:

Recall that a Banach space E is said to satisfy the Opial condition, if for any sequence fxng in E with xn * x, then for every
y 2 E with y – x we have

lim inf
n!1

kxn � xk < lim inf
n!1

kxn � yk:

It is well-known that each Hilbert space satisfies the Opial condition.
Recall that a mapping f : H! H is said to be contractive, if there exists a constant n 2 ð0;1Þ such that

kf ðxÞ � f ðyÞk 6 nkx� yk; 8x; y 2 H:

A mapping V : C ! H is said to be k-strictly pseudo-contractive, if there exists a constant k 2 ½0;1Þ such that

kVx� Vyk2
6 kx� yk2 þ kkðI � VÞx� ðI � VÞyk2; 8x; y 2 C:

Lemma 2.1 [5]. Let V : C ! H be a k-strict pseudo-contraction, then

(1) the fixed point set FðVÞ of V is closed convex so that the projection PFðVÞ is well defined;
(2) define a mapping T : C ! H by

Tx ¼ cxþ ð1� cÞVx; x 2 C: ð2:1Þ

If c 2 ½k;1Þ, then T is a nonexpansive mapping such that FðVÞ ¼ FðTÞ.

Definition 2.1. A family of mappings fVi : C ! Hg1i¼1 is called a family of uniformly k-strict pseudo-contractions, if there exists
a constant k 2 ½0;1Þ such that

kVix� Viyk2
6 kx� yk2 þ kkðI � ViÞx� ðI � ViÞyk2

; 8x; y 2 C; 8i P 1:

Definition 2.2. Let fVi : C ! Cg be a countable family of uniformly k-strict pseudo-contractions. Let fTi : C ! Cg1i¼1 be the
sequence of nonexpansive mappings defined by (2.1), i.e.,

Tix ¼ cxþ ð1� cÞVix; x 2 C; 8i P 1 with c 2 ½k;1Þ: ð2:2Þ
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