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a b s t r a c t

By making use of the principle of subordination between analytic functions and a family of
multiplier transforms, we introduce and investigate some new subclasses of multivalent
analytic functions. Such results as inclusion relationships, subordination and superordina-
tion properties, integral-preserving properties, argument estimates and convolution prop-
erties are proved.
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1. Introduction

Let ApðnÞ denote the class of functions of the form

f ðzÞ ¼ zp þ
X1
k¼n

apþkzpþk ðp; n 2 N :¼ f1;2;3; . . .gÞ; ð1:1Þ

which are analytic in the open unit disk

U :¼ fz : z 2 C and jzj < 1g:

Let H½a; n� be the class of analytic functions of the form

hðzÞ ¼ aþ anzn þ anþ1znþ1 þ � � � ðz 2 UÞ:
Let f ; g 2 ApðnÞ, where f is given by (1.1) and g is defined by

gðzÞ ¼ zp þ
X1
k¼n

bpþkzpþk:

Then the Hadamard product (or convolution) f � g of the functions f and g is defined by

ðf � gÞðzÞ :¼ zp þ
X1
k¼n

apþkbpþkzpþk ¼: ðg � f ÞðzÞ:

Let P denote the class of functions of the form

pðzÞ ¼ 1þ
X1
k¼n

pkzk ðn 2 NÞ;
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which are analytic and convex in U and satisfy the condition

RðpðzÞÞ > 0 ðz 2 UÞ:

For two functions f and g, analytic in U, we say that the function f is subordinate to g in U, and write

f ðzÞ � gðzÞ ðz 2 UÞ;

if there exists a Schwarz function x, which is analytic in U with

xð0Þ ¼ 0 and jxðzÞj < 1 ðz 2 UÞ

such that

f ðzÞ ¼ gðxðzÞÞ ðz 2 UÞ:

Indeed, it is known that

f ðzÞ � gðzÞ ðz 2 UÞ ! f ð0Þ ¼ gð0Þ and f ðUÞ � gðUÞ:

Furthermore, if the function g is univalent in U, then we have the following equivalence:

f ðzÞ � gðzÞ ðz 2 UÞ $ f ð0Þ ¼ gð0Þ and f ðUÞ � gðUÞ:

In a recent paper, Ca�tas� [3] defined a class of multiplier transforms Ip; nðm; k; lÞ on ApðnÞ by the following infinite series:

Ip;nðm; k; lÞf ðzÞ :¼ zp þ
X1
k¼n

pþ kkþ l
pþ l

� �m

apþkzpþk

ðz 2 U; p; n 2 N; m 2 N0 :¼ N [ f0g; k; l=0Þ:
ð1:2Þ

It is easily verified from (1.2) that

kzðIp;nðm; k; lÞf Þ0ðzÞ ¼ ðpþ lÞIp;nðmþ 1; k; lÞf ðzÞ � ½ð1� kÞ þ l�Ip;nðm; k; lÞf ðzÞ: ð1:3Þ

It should be remarked that the class of multiplier transforms Ip; nðm; k; lÞ is a generalization of several other linear operators
considered in earlier investigations (see [2,4,6–8,14]).

More recently, Acu et al. [1] discussed the radius of starlikeness of a subclass of p-valent functions defined by Ip; nðm; k; lÞ,
Ca�tas� et al. [5] obtained some subordination results associated with Ip; nðm; k; lÞ. In this paper, by making use of the multi-
plier transforms Ip; nðm; k; lÞ and the above-mentioned principle of subordination between analytic functions, we introduce
and investigate the following subclasses of the class ApðnÞ of p-valent analytic functions.

Definition 1. A function f 2 ApðnÞ is said to be in the class Rp; nðm; k; l; a; /Þ if it satisfies the subordination condition

1
p� a

zðIp;nðm; k; lÞf Þ0ðzÞ
Ip;nðm; k; lÞf ðzÞ

� a
� �

� /ðzÞ ðz 2 U; / 2 PÞ; ð1:4Þ

where (and throughout this paper unless otherwise mentioned) the parameters a; p; n; m; k and l are constrained as follows:

05a < p; p; n 2 N; m 2 N0 and k; l=0: ð1:5Þ

For convenience, we write

Rp;n m; k; l;a;
1þ Az
1þ Bz

� �
¼: Rp;nðm; k; l;a; A; BÞ ð�15B < A51Þ:

Definition 2. A function f 2 ApðnÞ is said to be in the class Kp; nðm; k; l; b; /Þ if it satisfies the subordination condition

ð1� bÞ Ip;nðm; k; lÞf ðzÞ
zp þ b

Ip;nðmþ 1; k; lÞf ðzÞ
zp � /ðzÞ ðz 2 U; b 2 C; / 2 PÞ: ð1:6Þ

In the present paper, we aim at proving such results as inclusion relationships, subordination and superordination prop-
erties, integral-preserving properties, argument estimates and convolution properties for the classes Rp; nðm; k; l; a; /Þ and
Kp; nðm; k; l; b; /Þ.

2. Preliminary results

In order to establish our main results, we need the following lemmas.

Lemma 1 (See [9]). Let #; c 2 C. Suppose that u is convex and univalent in U with

uð0Þ ¼ 1 and Rð#uðzÞ þ cÞ > 0 ðz 2 UÞ:
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