Applied Mathematics and Computation 217 (2010) 2301-2306

Contents lists available at ScienceDirect X
APPLIED
MATHEMATICS
Applied Mathematics and Computation CompuTATION
journal homepage: www.elsevier.com/locate/amc e
Successively iterative method of nonlinear Neumann boundary
value problems
Qingliu Yao
Department of Applied Mathematics, Nanjing University of Finance and Economics, Nanjing 210003, PR China
ARTICLE INFO ABSTRACT
Keywords: Two successively iterative sequences are constructed for computing solutions of the non-
SUCCES§ive iteration linear Neumann boundary value problems with time singularity. The sequences start off
Order interval with some constants. Main tool is the fixed point theorem of increasing operator on the

Nonlinear ordinary differential equation

order interval. By considering convergence of the sequences, we prove the existence of
Neumann boundary value problem

nontrivial sign-changing solutions.
© 2010 Elsevier Inc. All rights reserved.

1. Introduction

Let / > 0 be a fixed positive number. In this paper, we consider the following nonlinear second-order Neumann boundary
value problem

p —u'(t) + Au(t) = f(t,u(t)), 0<t<1,
( ){ w(0)=u(1)=0.

The Neumann boundary value problem (P) can model a class of important physical phenomena whose gradients equal
zero in boundary points. The existence of solutions of (P) has been studied widely, for more details, see [2-5,9,10,12] and
the references therein. In this paper, we give an iterative technique to obtain nontrivial solutions of the problem (P). The
study is based on the following Theorem 1.1 proved in [1], that is, the fixed point theorem of increasing operator on the order
interval.

In order to explore the theorem, we briefly recall some definitions. Let X be the Banach space with norm ||-||. A nonempty
closed set K C X is called cone if K satisfies the following conditions: (i) if x, y € K, then x +y € K; (ii) if x € K, then ux € K for
any u > 0; (iii) if 0 # x € K, then —x ¢ K. The cone K is called normal, if there exists p >0 such that

%1 + %2/l = p, Vx1,X% € K, %] = [|%] = 1.
Let x1, x; € X. We write X; < Xy, if X — x; € K. We call the set [x1,x3] = {x € X:Xx | < x < X3} order interval in X.
The operator T : [x1,x2] — X is called increasing if TX < Tx for any X, X € [x1,X2] and X < X.

Theorem 1.1. Let X be a Banach space ordered by a normal cone K C X. Assume that T : [x;,x2] — X is a completely continuous
increasing operator such that x; < Tx;, Txy < X,. Then T has a minimal fixed point x* and a maximal fixed point x*such that
X; < X* < X" < X2 Moreover, x* =lim, ., T'%;, x* =lim,_,., T"xo, where {T"x;};°, is an increasing sequence, {T"x,};>, is a
decreasing sequence.

E-mail address: yaoqingliu2002@hotmail.com

0096-3003/$ - see front matter © 2010 Elsevier Inc. All rights reserved.
doi:10.1016/j.amc.2010.07.037


http://dx.doi.org/10.1016/j.amc.2010.07.037
mailto:yaoqingliu2002@hotmail.com
http://dx.doi.org/10.1016/j.amc.2010.07.037
http://www.sciencedirect.com/science/journal/00963003
http://www.elsevier.com/locate/amc

2302 Q. Yao/Applied Mathematics and Computation 217 (2010) 2301-2306

We will apply Theorem 1.1 to construct two successively iterative sequences for the problem (P). The sequences start off
with some constants. By considering convergence of the sequences, we will prove an existence theorem of sign-changing
solution. In the discussion, we will allow the nonlinear term f{t,u) to be singular at t=0, t=1.

In this paper, the conditions and the results are local. In other words, the existence of solution and iteration only depend
upon the growth properties of nonlinear term f{t,u) on some set (0,1) x [a,b]. The localization idea has been widely applied
to study the iterations of some nonlinear boundary value problems, for example, see papers [7,8,11,13,14]. However, these
papers devote to the positive solutions. The principal purpose of the present work is to study the sign-changing solution of
problem (P). As a special case, we consider the positive solution too. We will illustrate that our method is convenient and
effective for the nonlinear Neumann boundary value problem (P) by a numerical example.

2. Main results

Let G(t,s) be the Green function of homogeneous linear problem
-u'{t)+u()=0, 0<t<g<1, v(0)=u(1)=0.

The exact expression of G(t,s) is
cosh (\/Z(l - t)) cosh (\/Zs)
G(t,s) = Visinhv2 ’

cosh (ﬁt) cosh (\ﬁ.(l - s))
VZsinh Vi ’

where sinht =1[e' —e™'], cosht =1[ef +ef].
Obviously, G(t,s)>0, 0 < ts < 1. Let
m= 02\%& G(t,s), M= max G(t,s).
Direct computations give that
1 11 coshv7+1
~ Visinhvi E5):2\ﬂsir1h\/1'
Consider the Banach space C[0, 1] with norm |ju|| = maxo<<1 |u(t)|. Let
K={ueC0,1]:u(t) >00<t<1}

Then K is the cone of nonnegative functions in ([0, 1]. For u, v € C[0,1], u < vif and only if u(t) < «(t), 0 < t < 1. Moreover, the
cone K is normal because |[u+v| > |ju||=1 for any u, v€ K and |[u]| = ||v|] = 1.
We obtain the following existence theorem and iterative schemes.

m = G(1,0) M:G(

Theorem 2.1. Assume that there exist two real numbers a, b such that a < b and the following conditions are satisfied:

(A1) f:(0,1) x [a,b] - (—o0, + 00) is continuous and there exists a nonnegative function j € C(0,1) N L'[0,1] such that
ft,u)l <j(t), (t,u)€(0,1) x [a,b].

(A2) f(t,u) <f(t,1),0 <t<Tl,a<u<u<bhb
(A3) The following inequalities hold

1 1
m/ max{f(t, a),O}dt+M/ min{f(t,a),0}dt > a,
Jo Jo

1 1
M / max{f (¢, b), 0}dt + m / min{f(¢, b),0}dt < b.
0 0
(A4) One of the following conditions is satisfied:

(Ma>0; (2b<0; (3)Ja<0<b, f(t,0)0.

Then problem (P) has two nontrivial solutions u*, v*e C'[0,1]NC? (0,1) such that a <u*(t)<v*(t)<b, 0<t<1 and
lun, — u*|| = O, ||vg — v*|| — O, where, for 0 <t <1,

uo(t) = a, u,m(t):/:G(t,s)f(s,un(s))ds, n=012...,

UO(t) b7 Uni1 (t) = /01 G(t,S)f(S, Z)n(S))dS, n= Oa 1727 s
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