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a b s t r a c t

Let D be a bounded symmetric domain. We calculate operator norm of the multiplication
operator on the Hardy space HpðDÞ, as well as of the weighted composition operator from
HpðDÞ to a weighted-type space.
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1. Introduction

Let D be a bounded symmetric domain in Cn in its Harish–Chandra realization and 0 2 D, B ¼ Bn the open unit ball in Cn,
and Dn the open unit polydisk in Cn. Let z = (z1, . . . ,zn) and w = (w1, . . . ,wn) be points in Cn, hz;wi ¼

Pn
k¼1zk �wk and jzj ¼

ffiffiffiffiffiffiffiffiffiffiffi
hz; zi

p
.

Let HðDÞ be the class of all holomorphic functions on D.
Any bounded symmetric domain D; furnished with the Bergman metric q, is a hermitian symmetric space ðD;qÞ of non-

compact type and is necessarily simply connected [7, p. 311]. Let C be the group of holomorphic automorphisms of D. Group
C is transitive on D and extends continuously to the topological boundary @D of D [10, p. 269]. The isotropy group
C0 = {c 2 C : c(0) = 0} of C is a compact subgroup of C and contains no normal subgroup of C. Thus D can be identified with
the coset space C/C0. Each bounded symmetric domain D has its irreducible decomposition D ¼ D1 � � � � � Dm where each
domain Dj � Cnj ; j = 1, . . . , m, is irreducible. A bounded symmetric domain D is circular and convex and has Šilov boundary b
which is circular and invariant under C [10]. The group C0 is transitive on b [38, p. 922] and b has a unique normalized C0-
invariant measure r (i.e., r(b) = 1).

As proved in [8]D has a Szegö kernel, i.e., for each fixed z 2 D there exists a function SzðwÞ ¼ Sðz;wÞ 2 HðD � DÞ \CðD � DÞ
such that

f ðzÞ ¼
Z

b
f ðfÞSzðfÞdrðfÞ; ð1Þ

for all f 2 HðDÞ \ CðDÞ.
For p > 0 the Hardy space HpðDÞ is defined on D by

HpðDÞ ¼ f : f 2 HðDÞ; kfkHpðDÞ :¼ sup
06r<1

Z
b
jf ðrfÞjpdrðfÞ

� �1=p

<1
( )

:

Each f 2 HpðDÞ has finite limit limr?1f(rf) a. e. on f 2 b. The boundary function we will also denote by f.
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By H1ðDÞ we denote the space of all bounded holomorphic functions on D with the supremum norm

kfkH1ðDÞ ¼ sup
z2D
jf ðzÞj:

The weighted-type space H1l ðDÞ consists of all f 2 HðDÞ such that

kfkH1l ðDÞ ¼ sup
z2D

lðzÞjf ðzÞj <1;

where l is a positive continuous function on D (weight).
Let X be a domain in Cn; u 2 H(X) and u be a holomorphic self-map of X. For any f 2 H(X) the weighted composition oper-

ator is defined by

ðuCuf ÞðzÞ ¼ uðzÞf ðuðzÞÞ; z 2 X:

For u(z) � z the operator is reduced to the multiplication operator Muf(z) = u(z)f(z), while for u(z) � 1 it is reduced to the
composition operator Cuf(z) = f(u(z)). A standard problem is to provide function theoretic characterizations when u and u
induce bounded or compact weighted composition operators on spaces of holomorphic functions. For some classical results
in the topic, see, e.g., [5]. For some recent results in Cn, see, e.g., [1–4,11,14,16,17,20,23,25,26,29–33,35,37,39,41] and the ref-
erences therein.

One of the interesting questions is to find the exact value of operator norm of a specific linear operator such as composition
operator, multiplication operator, weighted composition operator, integral-type operator etc. Majority of papers in the area
only find asymptotics of the operator norm of certain linear operators on some spaces of holomorphic functions, while there
are only several papers which calculate exact values of the norm of these operators, see, e.g., [2,5,13,19,20,22,
24,26,29,30,32,36] (see also related results in [15,27,31,34]). For some related operators see, e.g., [18,21,27,28].

Recently in [20], motivated by our paper [11], we calculated the norm of the operator uCu : BðBÞðor B0ðBÞÞ ! H1l ðBÞ;
where BðBÞ is the Bloch space and B0ðBÞ is the little Bloch space on B. This motivated us to start with systematic investiga-
tion of methods for calculating the norms of weighted composition, integral-type and other closely related operators
between various spaces of holomorphic functions.

The following results were proven in [31].

Theorem 1. Assume p > 0, u 2 HðBÞ, l is a weight, u is a holomorphic self-map of B and uCu : HpðBÞ ! H1l ðBÞ is bounded. Then

kuCukHpðBÞ!H1l ðBÞ ¼ sup
z2B

lðzÞjuðzÞj
ð1� juðzÞj2Þ

n
p
:

Theorem 2. Assume that p > 0, u 2 HðDnÞ, l is a weight on Dn, u = (u1, . . . , un) is a holomorphic self-map of Dn and
uCu : HpðDnÞ ! H1l ðDnÞ is bounded. Then

kuCukHpðDnÞ!H1l ðDnÞ ¼ sup
z2Dn

lðzÞjuðzÞjQn
j¼1ð1� jujðzÞj

2Þ
1
p
:

Theorem 3. Let X be B or Dn. Assume p > 0, u 2 H(X) and Mu : Hp(X) ? Hp(X) is bounded. Then

kMukHpðXÞ!HpðXÞ ¼ kukH1ðXÞ:

In the proofs of Theorems 1–3 we used the following known lemma ([31,40]):

Lemma 1. Suppose p 2 (0,1). Then the following statements hold.

(a) For all f 2 HpðBÞ and z 2 B, the following inequality holds

jf ðzÞj 6
kfkHpðBÞ

ð1� jzj2Þ
n
p
:

(b) For all f 2 HpðDnÞ and z ¼ ðz1; . . . ; znÞ 2 Dn, the following inequality holds

jf ðzÞj 6
kfkHpðDnÞQn

j¼1ð1� jzjj2Þ
1
p
:

Our aim here is to extend Theorems 1–3 for the case of bounded symmetric domains. For this we need a point evaluation
estimate in the Hardy space HpðDÞ.

The following result is a consequence of the main result in [9] where the isometries of HpðDÞ space are characterized.
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