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a b s t r a c t

This paper investigates the existence and uniqueness theorem of solutions to neutral sto-
chastic differential equations with infinite delay (short for INSFDEs) at a space
BCðð�1;0�; RdÞ. Under the uniform Lipschitz condition, linear growth condition is weaken
to obtain the moment estimate of the solution for INSFDEs. Furthermore, the existence,
uniqueness theorem of the solution for INSFDEs is derived, and the estimate for the error
between approximate solution and exact solution is given. On the other hand, under the
linear growth condition, the uniform Lipschitz condition is replaced by the local Lipschitz
condition, the existence, uniqueness theorem is also valid for INSFDEs on ½t0; T�. Moreover,
the existence, uniqueness theorem still holds on interval ½t0;1Þ, where t0 2 R is an arbi-
trary real number.

� 2009 Elsevier Inc. All rights reserved.

1. Introduction

Many dynamical systems not only depend on present and past states but also involve derivatives with delays. Hale [3]
have studied deterministic neutral differential delay equations (NDDEs) and their stability. Taking the environmental distur-
bances into account, neutral stochastic differential equations was introduced by Kolmanovskii and Nosov [8]. They also
investigated the stability and asymptotic stability of the equations (see also [11] or [12]). Mao has discussed neutral stochas-
tic functional differential equations with finite delay (short for NSFDEs)

d½XðtÞ � DðXtÞ� ¼ f ðXt ; tÞdt þ gðXt; tÞdBðtÞ; ð1:1Þ

where Xt ¼ fXðt þ hÞ : �s 6 h 6 0g could be considered as a Cð½�s;0�; RdÞ-valued stochastic process. The initial value of (1.1)
was proposed as follows:

Xt0 ¼ fnðhÞ : �s 6 h 6 0gis an Ft0 �measurable

Cð½�s;0�; RdÞ � valued random variable such that Eknk2
<1: ð1:2Þ

For system (1.1), if uniform Lipschitz condition (1.3) and linear growth (1.4) are satisfied, that is, for any /;w 2 Cð½�s;0�; RdÞ
and t 2 ½t0; T�, it follows that

jf ð/; tÞ � f ðw; tÞj2 _ jgð/; tÞ � gðw; tÞj2 6 Kk/� wk2
;K > 0; ð1:3Þ

jf ð/; tÞj2 _ jgð/; tÞj2 6 Kð1þ k/k2Þ;K > 0; ð1:4Þ

then (1.1) had a unique solution XðtÞ, moreover XðtÞ 2M2ð½t0 � s; T�; RdÞ:
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Namely, the existence and uniqueness results for NSFDEs had been studied by [1], the related results of existence and
uniqueness of solution could also be found in the literature [2,5,7]. At the same time, there are many literatures focus on
stability for NSFDEs [4,6,8–10]. However, so far little is known about the existence and uniqueness results for neutral sto-
chastic functional differential equations with infinite delay (short for INSFDEs). Motivated by the work [1] of Mao, we will
derive the existence and uniqueness theorem of solution for INSFDEs at a phase space BCð½�1;0�; RdÞ in this paper. We still
take t0 2 R as our initial time throughout this paper. Now, let us state our main results as follows: First, under the uniform
Lipschitz condition and the linear growth condition is weaken to obtain the moment estimate of the solution for INSFDEs.
Furthermore, the existence, uniqueness theorem of the solution for INSFDEs is derived, and the estimate for the error be-
tween approximate solution and exact solution is given. On the other hand, under the linear growth condition and the local
lipschitz condition, the existence and uniqueness theorem is also valid for INSFDEs on the closed interval ½t0; T�. Moreover,
the existence, uniqueness theorem still holds on the entire interval ½t0;1Þ:

2. Preliminary

In this paper, we adopt the symbols as follow: Rd denotes the usual d-dimensional Euclidean space, j � j denotes norm in

Rd. If A is a vector or a matrix, its transpose is denoted by AT ; if A is a matrix, its trace norm is represented by

jAj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
traceðAT AÞ

q
. Let ðX;F; PÞ be a complete probability space with a filtration fFtgt2½t0 ;þ1Þ satisfying the usual conditions

(i.e. it is increasing and right continuous). Ft0 contains all P-null sets. BðtÞ is a given m-dimensional standard Brownian mo-

tion. Ft0 is independent of the r-field generated by fBðtÞ � Bðt0Þ : t0 6 t 6 Tg. Let BCðð�1;0�; RdÞ denote the family of

bounded continuous Rd-value functions / defined on ð�1; 0� with the norm kUk ¼ sup�1<h60jUðhÞj.
Consider a d-dimensional neutral stochastic functional differential equations

d½XðtÞ � DðXtÞ� ¼ f ðXt ; tÞdt þ gðXt ; tÞdBðtÞ; ð2:1Þ

where Xt ¼ fXðt þ hÞ : �1 < h 6 0g can be regarded as a BCðð�1;0�; RdÞ-valued stochastic process, where
D : BCðð�1; 0�; RdÞ ! Rd, f : BCðð�1;0�; RdÞ � ½t0; T� ! Rd and g : BCðð�1;0�; RdÞ � ½t0; T� ! Rd�m. The initial value is followed:

Xt0 ¼ n ¼ fnðhÞ : �1 < h 6 0g is Ft0 �measurable

BCðð�1; 0�; RdÞ � valued random variable such that n 2M2ðð�1;0�; RdÞ ð2:2Þ

where M2ðð�1;0�; RdÞ denotes the family of the process fnðtÞgt60 in Lpðð�1;0�; RdÞ such that E
R 0
�1 jnðtÞj

2dt <1 a.s. Our pur-
pose is to find the solution of (2.1) with initial value (2.2). Hence, we will show the definition of the solution of (2.1), the
existence and uniqueness theorem and the estimate for approximate solution in the next section.

3. The existence and uniqueness theorem

Lemma 3.1. If p > 2; g 2M2ð½t0; T�; Rd�mÞ such that E
R T

t0
jgðsÞjpds <1, then

E
Z T

t0

gðsÞdBðsÞ
���� ����p 6 pðp� 1Þ

2

� �p=2

T
p�2

2 E
Z T

t0

jgðsÞjpds:

The proof of Lemma 3.1 can be found in [1].

Definition 3.1. Rd-value stochastic process XðtÞ defined on �1 < t 6 T is called a solution of (2.1) with initial value (2.2), if
XðtÞ has the following properties:

(i) XðtÞ is continuous and fXðtÞgt06t6T is Ft-adapted;
(ii) ff ðXt ; tÞg 2L1ð½t0; T�;RdÞ and fgðXt; tÞg 2L2ð½t0; T�; Rd�mÞ;

(iii) Xt0 ¼ n for each t0 6 t 6 T , XðtÞ ¼ nð0Þ þ DðXtÞ � DðXt0 Þ þ
R t

t0
f ðXs; sÞdsþ

R t
t0

gðXs; sÞdBðsÞ a.s.

XðtÞ is named a unique solution, if any other solution eXðtÞ is distinguishable with XðtÞ, that is

PfXðtÞ ¼ eXðtÞ; for any�1 < t 6 Tg ¼ 1:

Let us now begin to establish the theory of the existence and uniqueness for (2.1) with initial value (2.2). Under uniform
Lipschitz condition, linear growth condition is weaken then follows Theorem 3.1.

Theorem 3.1. Assume that there exist two positive constants K and K such that

(i) (uniform Lipschitz condition) For all /;w 2 BCðð�1;0�; RdÞ and t 2 ½t0; T�,

jf ð/; tÞ � f ðw; tÞj2 _ jgð/; tÞ � gðw; tÞj2 6 Kk/� wk2
; ð3:1Þ
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