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1. Introduction

The aim of this paper is to present numerical Krylov subspace methods for solving the linear matrix equation

q
> ALX,Bi=C, (M

i=1

where A; € R™"; B e RPP,i=1,...,q; C and X € R™P.

Such problems arise in the solution of large eigenvalue problems [6] and in the boundary value problem. They play also an
important role in linear control and filtering theory for continuous or discrete-time large-scale dynamical systems, image
restoration and other problems; see [2-5,8,11-13,16-19] and the references therein. The matrix equation (1) contains the
well-known Lyapunov, Sylvester and Stein matrix equations.

The linear matrix equation can be written as the following np x np linear system:

{ij(BiT ®A)

i=1

vec(X) = vec(C), (2)

where vec(X) is the vector of R™ obtained by stacking the columns of the n x p matrix X and ® denotes the Kronecker prod-
uct; (F ® G = [fi;G]). Krylov subspace methods such as the GMRES algorithm [15] could be used to solve the linear system (2).
However, for large problems this approach cannot be applied directly.

In the present paper, we present a global approach for solving the matrix equation (1). Our method uses the global gen-
eralized minimal residual (GIGMRES) method [10] which was originally introduced for solving linear systems with multiple
right-hand sides.

In Section 2, we recall the global generalized minimal residual (GIGMRES) method, show how to apply the GIGMRES
method for solving the matrix equation (1) and give some theoretical results. In Section 3, we a left-right preconditioner
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for large Sylvester matrix equations. Section 4 is devoted to the symmetric successive overrelaxation (SSOR) preconditioning
in association with the GIGMRES algorithm for Sylvester matrix equations. In the last section we give some numerical
experiments.

In this paper, we use the following notations. For X and Y two matrices in R™?, we define the following inner product
(X,Y); = tr(X"Y) where tr(.) denotes the trace and X" the transpose of the matrix X. The associated norm is the well known
Frobenius norm denoted by || - ||. For V € R™P, the matrix Krylov subspace ", (A, V) is the subspace generated by the vectors
(matrices) V,AV, ... ,A* V. Unless specified, the Frobenius norm will be used for matrices and vectors. A system of matrices
of R™P is said to be F-orthogonal if it is orthogonal with respect to the scalar product (.,.).

2. The global-GMRES method for linear matrix equations

In this section, we present a numerical Krylov subspace method for solving the linear matrix equation (1). Eq. (1) has a
unique solution if and only if the matrix Z?ZIB,-T ® A; is nonsingular. Throughout this paper, we assume that this condition is
verified.

Let .# be the operator defined as follows:

ARV — RVP

q
X — > AXB.
i=1
The transpose of the operator .# with respect to the inner product (., .); is defined from R™P onto R™ by
MT(X) = ?:]AiTXBiT. Next, we show how to solve iteratively the problem (1) using Krylov subspace methods.
Let V be any n x p matrix and consider the matrix Krylov subspace associated to the pair (.#,V) and an integer k defined
by
A (V) =span{V, .4 (V),... 45 (V)}.

We note that .#'(V) is defined recursively as .#'(V) = .4 (.4'"'(V)). Remark that the matrix Krylov subspace .#(.#,V) is a
subspace of R™P.

The modified global Arnoldi algorithm [10] constructs an F-orthonormal basis V1, V>, ..., V, of the matrix Krylov subspace
Ak (ﬂ‘ V), i.e.

<Vi7Vj>F :(Sija for l7j: 17"'7k7
where §;; denotes the classical Kronecker symbol. The algorithm is described as follows:

Algorithm 1 (Modified Global Arnoldi algorithm).

1. 8et Vi =V/|V||p.
2.Forj=1,...,k do
V =4(V)),
fori=1,...,j. do
iy = Vi, V),
V=V -hyVi,
endfor _
i = Ve
Vi = V/hj+1-j-
EndFor.

Let 77, be the n x kp matrix: v, = [V,Va,..., V] H, denotes the (k+1) x k upper Hessenberg matrix whose nonzero
entries h;; are defined by Algorithm 1 and Hy is the k x k matrix obtained from Hy by deleting its last row. Note that the block
matrix 7’y is F-orthonormal which means that the matrices V1, ...,V are orthonormal with respect to the scalar product (-, -).

It is not difficult to show the following proposition:
Proposition 1. We have the following relations:
1. [,/%(V1), ey .////(Vk)] = /1/"/<(Hk~® Ip) + Ex.1, where Evi1 = hk+1.k[0n><p-, . -,On><p7 Vk+1].

2. [ (V1),..., (V)] =V k1 (He @ Ip).
3. For any (k+ 1) x s matrix G, we have ||/ k1(GQ Ip)||r = |G|l

Starting from an initial guess X, € R™? and the corresponding residual Ry = C — .#(Xo), the global GMRES method de-
fines, at step k, the approximate solution X, as follows:
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