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a b s t r a c t

Let B denote the unit ball in Cn and HðBÞ the space of all holomorphic functions on B. We
study the boundedness and compactness of the following integral-type operators

Ig
uf ðzÞ ¼

Z 1

0
Rf ðuðtzÞÞgðtzÞ dt

t
; z 2 B;

where g 2 HðBÞ; gð0Þ ¼ 0;u is a holomorphic self-map of B and Rf is the radial derivative
of f, between weighted-type spaces on the unit ball.

� 2009 Elsevier Inc. All rights reserved.

1. Introduction

Let B denote the open unit ball of the n-dimensional complex vector space Cn and HðBÞ denote the space of all holomor-
phic functions on B.

For each a > 0, we define the weighted-type space H1a ðBÞ as follows:

H1a ðBÞ ¼ f 2 HðBÞ : sup
0<r<1

ð1� rÞaM1ðf ; rÞ <1
� �

;

M1ðf ; rÞ ¼ sup
jzj¼r
jf ðzÞj:

It is easy to see that f 2 H1a ðBÞ if and only if supz2Bð1� jzjÞ
ajf ðzÞj <1, so we define the norm kfkH1a

on H1a ðBÞ by this
supremum.

Furthermore we consider the subspace H1a;0ðBÞ defined by

H1a;0ðBÞ ¼ f 2 HðBÞ : lim
r!1�
ð1� rÞaM1ðf ; rÞ ¼ 0

� �
:

Note that H1a;0ðBÞ is a closed subspace of H1a ðBÞ. They are sometimes called the Bers-type spaces (see, e.g. [36,39]) and are
special cases of the weighted-type space H1l ¼ H1l ðBÞ (see, e.g. [25]). The properties of these spaces are discussed in [21]. For
f 2 HðBÞ with the Taylor expansion f ðzÞ ¼

P
jcjP0aczc, let

Rf ðzÞ ¼
X
jcjP0

jcjaczc;
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be the radial derivative of f, where c ¼ ðc1; . . . ; cnÞ is a multi-index, jcj ¼ c1 þ � � � þ cn and zc ¼ zc1
1 � � � z

cn
n . It is well-known

that

Rf ðzÞ ¼
Xn

j¼1

zj
@f
@zj
ðzÞ ¼ hrf ðzÞ;�zi;

where r is the usual gradient on Cn.
Assume that g 2 HðBÞ; gð0Þ ¼ 0 and u is a holomorphic self-map of B, then an integral-type operator, denoted by Ig

u on
HðBÞ, is defined as follows:

Ig
uf ðzÞ ¼

Z 1

0
Rf ðuðtzÞÞgðtzÞdt

t
; f 2 HðBÞ; z 2 B:

The operator Ig
u was introduced and treated by Zhu and the first author of this paper in [30,32,38], where its boundedness

and compactness from the Zygmund space, the mixed norm space and the generalized weighted Bergman space to the Bloch-
type space on the unit ball are studied. Our motivation for introducing this operator stemmed from the operator Iu which
was introduced in a private communication by Li and Stević and was studied in [2,3,9–12,15,16,18]. For related integral-type
operators beside just cited papers, see, also [1,5–8,13,14,17,19,20,22–24,26–29,31,33–35,37,40] as well as the related refer-
ences therein.

In this paper we study the boundedness and compactness of the integral-type operator Ig
u between different weighted-

type spaces on the unit ball. We also give the estimate for its operator norm and/or essential norm.
Throughout this paper, constants are denoted by C, they are positive and may differ from one occurrence to the other. The

notation a � b means that there is a positive constant C such that a 6 Cb. Moreover, if both a � b and b � a hold, then one
says that a � b.

2. Auxiliary results

In this section, we quote several auxiliary results which are used in the proofs of the main results in Sections 3 and 4.

Lemma 1. Assume that u is a holomorphic self-map of B and g 2 HðBÞ with gð0Þ ¼ 0. Then for every f 2 HðBÞ it holds

R Ig
uf

h i
ðzÞ ¼ Rf ðuðzÞÞgðzÞ:

Proof. See, for example, [32, Lemma 3]. h

The following lemma was proved in [6, p. 2174, Theorem 2].

Lemma 2. Let a > 0 and m be a positive integer. Then for every f 2 HðBÞ it holds

sup
0<r<1

ð1� rÞaM1ðf ; rÞ � jf ð0Þj þ sup
0<r<1

ð1� rÞaþmM1ðRmf ; rÞ:

Lemma 3. Let a > 0. Then for every f 2 HðBÞ it holds

jrf ðzÞj �
kfkH1a

ð1� jzjÞaþ1 :

Proof. By Lemma 2 and the following asymptotic relation from [4]

sup
z2B
ð1� jzjÞaþ1jrf ðzÞj � sup

z2B
ð1� jzjÞaþ1jRf ðzÞj;

we have

kfkH1a
� sup

z2B
ð1� jzjÞaþ1jRf ðzÞj � ð1� jzjÞaþ1jrf ðzÞj;

which proves the desired estimate. h

Lemma 4. Let a > 0 and f 2 HðBÞ. If ð1� jzjÞajf ðzÞj ! 0 as jzj ! 1�, then ð1� jzjÞaþ1jRf ðzÞj ! 0 as jzj ! 1�.

Proof. From the proof of [6, p. 2174, Theorem 2], we have

ð1� rÞM1ðRf ; rÞ � M1 f ;
1þ r

2

� �
;
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