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a b s t r a c t

For exact Newton method for solving monotone semidefinite complementarity problems
(SDCP), one needs to exactly solve a linear system of equations at each iteration. For prob-
lems of large size, solving the linear system of equations exactly can be very expensive. In
this paper, we propose a new inexact smoothing/continuation algorithm for solution of
large-scale monotone SDCP. At each iteration the corresponding linear system of equations
is solved only approximately. Under mild assumptions, the algorithm is shown to be both
globally and superlinearly convergent.

� 2009 Elsevier Inc. All rights reserved.

1. Introduction

In the last serval years, the semidefinite programming problem (SDP) have been studied intensively [3,15–18]. This prob-
lem has important applications [9,10], which often call for the solution of large-scale problems. As a natural generalization,
the semidefinite complementarity problem (SDCP) is defined as follows [1]: for a given mapping F : S!S#X, find an
ðx; yÞ 2S�S satisfying

x 2Sþ; y 2Sþ; hx; yi ¼ 0; FðxÞ ¼ y; ð1:1Þ

where X denote the space of n� n block-diagonal real matrices with m block of sizes n1; . . . ;nm, respectively (the block are
fixed), S denote the subspace comprising those x 2 X that are symmetric, that is, xT ¼ x; Sþ denote the convex cone com-
prising those x 2S that are positive semidefinite, F is a mapping from S into itself, and h�; �i is the inner product defined by
hx; yi :¼ tr½xT y�, where tr½�� denotes the matrix trace. Similar to [1], in this paper, we assume that F is continuously differen-
tiable monotone function.

A few methods have been developed to solve this problem, such as interior point methods [12], merit function methods
[11], and non-interior continuation methods [1,13]. We are interested in non-interior continuation methods for solving
monotone SDCP. The pioneer work was done by Chen and Tseng [1]: they studied the existence of Newton directions and
boundedness of iterates, and then extended the non-interior continuation method for the NCP to monotone SDCP. The global
linear and local superlinear convergence results of the algorithm were proved and the promising numerical results were re-
ported in their paper. After Chen and Tsengs encouraging work, several algorithms and theoretical results for SDCP have been
developed [5,13,14].

In exact Newton non-interior continuation method, each iteration consists of finding a solution of linear system of equa-
tions which may be expensive if one is solving a large-scale problem. A lot of inexact Newton methods have been proposed
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for solving nonlinear complementarity problem (NCP) [2,7]. In this paper, we will extend inexact Newton methods for solv-
ing NCP to large-scale SDCP under the framework of non-interior continuation method. In such an inexact method, the linear
system of equations is solved only up to a certain degree of accuracy. The accuracy level of approximate solution is controlled
by the so-called forcing parameter which links the norm of residual vector to the norm of mapping at the current iterate. We
show that, under mild assumptions, our algorithm is locally superlinearly and even quadratically convergent to a solution of
the monotone SDCP.

The paper is organized as follows: in Section 2 we present an inexact non-interior continuation algorithm for solving
large-scale monotone SDCP. Convergence results are analyzed in Section 3. Conclusions are given in Section 4.

Throughout this paper, we use the following notation. ‘‘:¼” means ‘‘is defined as”. We denote byrFðxÞ the Jacobian of F at
each x 2S, viewed as a linear mapping from S to S. Sþþ denote the convex cone comprising those x 2S that are positive
definite. Rþ and Rþþ denote the nonnegative and positive reals. We write x � y to mean x� y is positive definite. Landau sym-
bols oð�Þ and Oð�Þ are defined in usual way. For matrices x 2S; kxk is the Frobenius norm. For vector a 2 Rn; kak denotes 2-
norm.

2. Algorithm description

Our inexact non-interior continuation method is based on the following smoothed Fischer–Burmeister function:

/lðx; yÞ ¼ xþ y� ðx2 þ y2 þ 2l2IÞ
1
2; ð2:1Þ

where ðl; x; yÞ 2 R�S�S and I is the n� n identity matrix. This smoothing function was introduced by Kanzow [19] in the
case of the NCP based on the Fischer–Burmeister function [20]. Let

Hlðx; yÞ :¼
/lðx; yÞ
FðxÞ � y

� �
: ð2:2Þ

From Lemma 1 of [1], we know that if l! 0, then

Hlðx; yÞ ! H0ðx�y�Þ :¼ x� � ½x� � y��þ;

where ½x� � y��þ denotes the orthogonal projection of x� � y� at Sþ. Then, by Lemma 2.1 of [11],

H0ðx�y�Þ ¼ 0() ðx�y�Þ solves monotone SDCP:

In the remainder of this paper, we will view the number l as an independent variable. In order to make this clear in our
notation, we set /ðl; x; yÞ ¼ /lðx; yÞ, that is

/ðl; x; yÞ ¼ xþ y� ðx2 þ y2 þ 2l2IÞ
1
2: ð2:3Þ

Further, let

Hðl; x; yÞ :¼
l

FðxÞ � y

/ðl; x; yÞ

0B@
1CA: ð2:4Þ

In addition, we endow the vector space R�S�S with the norm

jjjðl; x; yÞjjj :¼ ðjlj2 þ kxk2 þ kyk2Þ
1
2:

Define the merit function h : Rþ �S�S! Rþ by

hðl; x; yÞ ¼ jjjHðl; x; yÞjjj2 ¼ ðlÞ2 þ kFðxÞ � yk2 þ k/ðl; x; yÞk2
:

In the remainder of this paper, for the sake of simplicity, denote z :¼ ðl; x; yÞ; zk :¼ ðlk; xk; ykÞ; Dzk ¼: ðDlk;Dxk;DykÞ. In each
iteration of exact non-interior continuation method for monotone SDCP, linear system of equations

rHðzkÞðDzkÞ ¼ �HðzkÞ ð2:5Þ

must be solved exactly, whererHðzkÞ denote the Jacobian of H at zk. However, in each iteration of our method (2.5) is solved
only approximately. Our method is to solve the following system of equations

rHðzkÞðDzkÞ ¼ �HðzkÞ þ l̂bðzkÞ
rk

 !
; ð2:6Þ

where bðzkÞ ¼ cminf1;hðzkÞg; c 2 ð0;1Þ is a constant, l̂ 2 Rþþ is a constant satisfying cl̂ < 1, krkk 6 gkjjjHðlk; xk; ykÞjjj;
gk 2 ð0;1Þ. As it is usual in the context of inexact methods, we will refer to the vector rk as the residual vector and to
the parameter gk as the forcing term. The forcing term is used to control the level of accuracy in solving the systems equa-
tions. We would like to remark that the criterion krkk 6 gkjjjHðlk; xk; ykÞjjj allows us to solve (2.5) to a very low accuracy
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