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a b s t r a c t

We use a property of the Bernardi operator in the theory of the Briot–Bouquet differential
subordinations to prove several theorems for the classes Vp

kðH; A;BÞ of multivalent analytic
functions defined by using the Dziok–Srivastava operator H. Some of these results we
obtain applying the convolution property due to Rusheweyh. We take advantage of the
Miller–Mocanu lemma to improve the earlier result.
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1. Introduction

Let Ap;k denote the class of functions f of the form:

f ðzÞ ¼ zp þ
X1
n¼k

anzn ðp < k; p; k 2 N ¼ f1;2; . . .gÞ; ð1Þ

which are analytic in U ¼ Uð1Þ, where UðrÞ ¼ fz : z 2 C and j z j< rg: Also let us put A ¼A1;2: For analytic functions

f ðzÞ ¼
X1
n¼0

anzn and gðzÞ ¼
X1
n¼0

bnznðz 2 UÞ

by f � g we denote the Hadamard product or convolution of f and g, defined by

ðf �gÞðzÞ ¼
X1
n¼0

anbnzn:

We say that an analytic function f is subordinate to an analytic function g, and write f ðzÞ � gðzÞ, if and only if there exists a
function x, analytic in U such that

xð0Þ ¼ 0; jxðzÞj < 1ðz 2 UÞ

and

f ðzÞ ¼ gðxðzÞÞðz 2 UÞ:

In particular, if g is univalent in U, we have the following equivalence:

f ðzÞ � gðzÞ () f ð0Þ ¼ gð0Þ and f ðUÞ � gðUÞ:
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A set E � C is said to be starlike with respect to a point w0 2 E if and only if the linear segment joining w0 to every other
point w 2 E lies entirely in E. A set E is said to be convex if and only if it is starlike with respect to each of its points, that is if
and only if the linear segment joining any two points of E lies entirely in E. Let f be analytic and univalent in U. Then f maps U
onto a convex domain if and only if

Re 1þ zf 00ðzÞ
f 0ðzÞ

� �
> 0 in U: ð2Þ

Such function f is said to be convex in U (or briefly convex). The condition (2) for convexity was first stated by Study [24].
Now let f ð0Þ ¼ 0 and let f be analytic univalent in U. Then f maps U onto a starlike domain with respect to w0 ¼ 0 if and only
if

zf 0ðzÞ
f ðzÞ �

1þ z
1� z

in U: ð3Þ

Such function f is said to be starlike in U with respect to w0 ¼ 0 (or briefly starlike). The condition (3) for starlikeness is due
to Nevalinna [15]. It is well known that if an analytic function f satisfies (3) and f ð0Þ ¼ 0; f 0ð0Þ 6¼ 0; then f is univalent and
starlike in U.

One can alter the conditions (2) and (3) by setting other limitations on the behaviour of zf 0ðzÞ=f ðzÞ and of zf 00ðzÞ=f 0ðzÞ in U.
In this way many interesting classes of analytic functions have been defined (see for instance [7]). Robertson introduced in
[17] the classes S�ðaÞ, KðaÞ of starlike and convex functions of order a 6 1, which are defined by

S�ðaÞ :¼ f 2A :
zf 0ðzÞ
f ðzÞ �

1þ ð1� 2aÞz
1� z

; z 2 U

� �
¼ f 2A : Re

zf 0ðzÞ
f ðzÞ

� �
> a; z 2 U

� �
;

K�ðaÞ :¼ f 2A : zf 0ðzÞ 2S�ðaÞ
� �

:

ð4Þ

If a 2 ½0; 1Þ, then a function in either of these sets is univalent, if a < 0 it may fail to be univalent. In particular we denote
S�ð0Þ ¼S�;Kð0Þ ¼K.

Janowski [8] introduced the class

S�
1þ Az
1þ Bz

� �
:¼ f 2A :

zf 0ðzÞ
f ðzÞ �

1þ Az
1þ Bz

; z 2 U

� �
ð�1 6 B < A 6 1Þ: ð5Þ

In this paper we take advantage of S�½1þAz
1þBz� to define other class of functions.

Let q; s 2 N0 ¼ N [ f0g; q 6 sþ 1: For complex parameters a1; . . . ; aq and b1; . . . ; bs, ðbj 6¼ 0;�1;�2; . . .; j ¼ 1; . . . ; sÞ; the
generalized hypergeometric function qFsða1; . . . ; aq; b1; . . . ; bs; zÞ is defined by

qFsða1; . . . ; aq; b1; . . . ; bs; zÞ ¼
X1
n¼0

ða1Þn � � � ðaqÞn
ðb1Þn � � � ðbsÞn

zn

n!
ðz 2 UÞ; ð6Þ

where ðkÞn is the Pochhammer symbol defined by

ðkÞn ¼
1 ðn ¼ 0Þ;
kðkþ 1Þ � � � ðkþ n� 1Þ ðn 2 NÞ:

�

Definition 1. Let H : Ap;k !Ap;k be a operator such that

Hf ðzÞ ¼Hða1; . . . ; aq; b1; . . . ; bsÞf ðzÞ ¼ ½zp�qFsða1; . . . ; aq; b1; . . . ; bs; zÞ� � f ðzÞ;

where qFs is given by (6).

This operator is called the Dziok–Srivastava operator [6]. We observe that for a function f of the form (1), we have

Hða1; . . . ; aq; b1; . . . ; bsÞf ðzÞ ¼ zp þ
X1
n¼k

Ananzn; ð7Þ

where

An ¼
ða1Þn�p � � � ðaqÞn�p

ðb1Þn�p � � � ðbsÞn�p � ðn� pÞ! :

The Dziok–Srivastava operator Hða1; . . . ; aq; b1; . . . ; bsÞ includes various other linear operators which were considered in
earlier works. Now we show a few of them. For p ¼ s ¼ 1 and q ¼ 2 and a2 ¼ 1; the Dziok–Srivastava operator becomes the
Carlson–Shaffer operator L:

Lða1; b1Þf ðzÞ ¼Hða1;1; b1Þf ðzÞ; ð8Þ
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