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1. Introduction

Let B" = B be the unit ball of C", B' = D the open unit disk in C, H(B) the class of all holomorphic functions on B. For
f e H(B), let

w)=> 2% 2

P (9Zj

represent the radial derivative of f.
For o > 0, recall that the a-Bloch space #* = %*(B), is the space consisting of all functions f € H(B) such that

1l = F ()] + Sup.c(1 — [21*)*Rf (2)] < oc. (1)

Under the above norm, #” is a Banach space. When o = 1, we get the classical Bloch space 4. For more information of the
Bloch space and the a-Bloch space (see, e.g., [3,43] and the references therein).

A positive continuous function p on [0, 1) is called normal, if there exist positive numbers sand t,0 <s < t,and é € [0,1)
such that [26]

TGN . B
a—m is decreasing on [5,1) and lrlﬂli a-m- 0;
L)t is increasing on [6, 1) and lim A1) =00
(1-r1) 1 (1-1)

For a normal function w, an f € H(B) is said to belong to the Bloch-type space %, = %(B), if

Bo(f) := sup,p0([2])|Rf (2)] < o0,
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(see, e.g., [39]). The Bloch-type space is a Banach space with the norm
Ifll.s, = IFO)] + Zor ().

Let 4,0 denote the subspace of %, consisting of those f € %, for which
lim ox(12) 9% (2)| = 0.

This space is called the little Bloch-type space. When pu(r) = (1 — r?)%, the induced spaces 4., and 4,,, become the «-Bloch
space #* and the little «-Bloch space %;.
Let ¢ be a holomorphic self-map of B. The composition operator C, is defined by

(Cof)@) = (fop)2), feHB).

It is interesting to provide a function theoretic characterization of when ¢ induces a bounded or compact composition oper-
ator on various spaces. Recall that a linear operator is said to be bounded if the image of a bounded set is a bounded set, while
a linear operator is compact if it takes bounded sets to sets with compact closure. The book [4] contains plenty of information
on this topic. For some recent results in this research area, see, e.g., [3,5,6,20,30,32,40-42,46] and the references therein.

Let g € H(D) and ¢ be a holomorphic self-map of D. Products of integral and composition operators on H(D) were intro-
duced by Li and Stevic (see, [10,16,17,23], as well as [18,31] for a related operator) as follows:

¢(2)
%uw:A fOg Qe )

and
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Operators in (2) and (3) are extensions of the following classical integral operator:

&mmzéﬂm«m,

which was introduced in [25].
One of the interesting questions has been to extend operators in (2) and (3) in the unit ball settings and to study their
function theoretic properties between spaces of holomorphic functions on the unit ball in terms of inducing functions.
If g € H(B) is such that g(0) = 0 and ¢ is a holomorphic self-map of B, then in [35] Stevi¢ introduced the following oper-
ator on the unit ball:

1
Pn@ - [ fowe@ . feH®), zeb )

and has shown that it is a natural extension of the operator in (3). In [34] Stevi¢ proposed a big research project regarding the
operator. Some further results in this direction can be found in [36,37]. A particular case of the operator in (4) was indepen-
dently introduced in [45] and studied in [44].

For ¢(z) = z and g — #g the operator pr is reduced to operator Ty, so called, extended Cesaro operator or the Riemann-
Stieltjes operator, which was studied, e.g., in [1,2,7-9,11-15,19,21,22,27,39] (see also the references therein). Some related
integral-type operators can be found, e.g., in [2,28,29,33,38].

In this paper, we study the boundedness and compactness of the operator Pfo between Bloch-type spaces. Our main re-
sults are natural extensions of some results in [37]. As a corollary, we obtain some characterizations for the boundedness and
compactness of the extended Cesaro operator between Bloch-type spaces.

Throughout this paper C will denote constants in this paper, they are positive and may differ from one occurrence to the
other. a < b means that there is a positive constant C such that a < Cb. Moreover, if both a < b and b < a hold, then one says
that a < b.

2. Auxiliary results

In order to prove our main results, we need some auxiliary results which are incorporated in the following lemmas. The
following lemma can be found, for example, in [39,42].

Lemma 1. Assume that w is a normal function on [0,1). If f € %,,, then

w@|<c(r+AmE§%)vmm

for some C independent of f.
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