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a b s t r a c t

This paper provides the construction of a powerful and efficient computational method,
that translates Polyrakis algorithm [I.A. Polyrakis, Minimal lattice-subspaces, Trans. Am.
Math. Soc. 351 (1999) 4183–4203, Theorem 3.19] for the calculation of lattice-subspaces
and vector sublattices in Rn. In the theory of finance, lattice-subspaces have been exten-
sively used in order to provide a characterization of market structures in which the cost-
minimizing portfolio is price-independent. Specifically, we apply our computational
method in order to solve a cost minimization problem that ensures the minimum-cost
insured portfolio.

� 2009 Elsevier Inc. All rights reserved.

1. Introduction

In [11,12], lattice-subspaces and sublattices of the space of continuous real valued functions CðXÞ defined on a compact
Hausdorff topological space X are studied. In the case where X is finite, for example X ¼ f1;2; . . . ;ng, then CðXÞ ¼ Rn and the
results of [11,12] can be applied for the determination of the lattice-subspaces and sublattices of Rn. In the present manu-
script we implement, in Matlab, these methods and we apply these results in finance. In particular, we present a new and
more efficient computational method, than the one presented in [9], in order to check whether a finite collection of positive,
linearly independent vectors of Rn generates a lattice-subspace or a vector sublattice, within Matlab, by introducing a new
function named SUBlatSUB. Matlab is an established tool for scientists that provides ready access to many mathematical
models in different scientific areas. Our main concern has been to make lattice-subspaces and vector sublattices of Rn as eas-
ily accessible to the interested user especially in the field of applications such as portfolio insurance. In a previous article [9],
we provided a computational method in order to solve the same problem in Rn by following an algorithm that was proposed
in [1]. The Matlab function (see the K function in [9]) for this algorithm was an elegant, fast and accurate tool in order to
provide whether or not the given collection of vectors forms a lattice-subspace. The new function SUBlatSUB features ex-
plicit solutions to the problem while the computational effort required in order to obtain the lattice-subspace or the vector
sublattice is substantially lower, particularly for large collections of vectors. In addition, besides the effectiveness of this new
method, we are also able to check whether the given collection forms a vector sublattice. We also show that SUBlatSUB is
much faster when the given collection of vectors defines a vector sublattice rather than a lattice-subspace since, in fact, the
joint amount of tests, calculations and further considerations required to reach the goal is substantially less.

As in [9], we intend to apply our new computational method in Mathematical Economics, especially in the areas of incom-
plete markets and portfolio insurance as they are described in [2–4]. So, Section 3 discusses an investment strategy called
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minimum-cost portfolio insurance as a solution of a cost minimization problem and how our new proposed method trans-
lates the economics problem into the language of computing.

For calculations both on the lattice-subspace or the vector sublattice generated by a finite collection of positive, linearly
independent vectors of Rn; as well as on the minimum-cost insured portfolio problem the high-end Matlab programming
language was used. Specifically, the Matlab 7.4 (R2007b) environment [7,8] was used on an Intel(R) Pentium(R) Dual CPU
T2310 @ 1.46 GHz 1.47 GHz 32-bit system with 2 GB of RAM memory running on the Windows Vista Home Premium Oper-
ating System.

2. Lattice-subspaces and vector sublattices of Rn

2.1. Preliminaries

We first recall some definitions and notation from the vector lattice theory. Let Rn ¼ fx ¼
ðxð1Þ; xð2Þ; . . . ; xðnÞÞjxðiÞ 2 R; for each ig; where we view Rn as an ordered space. Then, the pointwise order relation in Rn is
defined by

x 6 y if and only if xðiÞ 6 yðiÞ; for each i ¼ 1; . . . ;n:

The positive cone of Rn is defined by Rn
þ ¼ fx 2 RnjxðiÞP 0; for each ig and if we suppose that X is a vector subspace of Rn

then X ordered by the pointwise ordering is an ordered subspace of Rn with positive cone Xþ defined by Xþ ¼ X \ Rn
þ. A point

x 2 Rn is an upper bound (lower bound) of a subset S # Rn if and only if y 6 xðx 6 yÞ, for all y 2 S. For a two-point set S ¼ fx; yg;
we denote by x _ yðx ^ yÞ the supremum of S i.e., its least upper bound(the infimum of S i.e., its greatest lower bound). Thus,
x _ yðx ^ yÞ is the componentwise maximum(minimum) of x and y defined by

ðx _ yÞðiÞ ¼maxfxðiÞ; yðiÞgððx ^ yÞðiÞ ¼minfxðiÞ; yðiÞgÞ; for all i ¼ 1; . . . ; n:

An ordered subspace X of Rn is a lattice-subspace of Rn if it is a vector lattice in the induced ordering, i.e., for any two vec-
tors x; y 2 X the supremum and the infimum of fx; yg both exist in X. Note that the supremum and the infimum of the set
fx; yg are, in general, different in the subspace than the supremum and the infimum of this set in the initial space. An ordered
subspace Z of Rn is a vector sublattice or a Riesz subspace of Rn if for any x; y 2 Z the supremum and the infimum of the set
fx; yg in Rn belong to Z.

Suppose that X is an ordered subspace of Rn and B ¼ fb1; b2; . . . ; bmg is a basis for X. Then B is a positive basisof X if for each
x 2 X it holds that x is positive if and only if its coefficients in the basis B are positive. In other words, B is a positive basis of X
if the positive cone Xþ of X has the form,

Xþ ¼ fx ¼
Xm

i¼1

kibijki P 0; for each ig:

Therefore, if x ¼
Pm

i¼1kibi and y ¼
Pm

i¼1libi then x 6 y if and only if ki 6 li for each i ¼ 1;2; . . . ;m.
Each element bi of the basis B is an extremal1 point of Xþ thus a positive basis of X is unique in the sense of positive mul-

tiples. The existence of positive bases is not always ensured, but in the case where X is a vector sublattice of Rn then X has al-
ways a positive basis. Moreover, it holds that an ordered subspace of Rn has a positive basis if and only if it is a lattice-subspace
of Rn. If B ¼ fb1; b2; . . . ; bmg is a positive basis for a lattice-subspace (or a vector sublattice) X then the lattice operations in X,
namely xOy for the supremum and x4 y for the infimum of the set fx; yg in X, are given by

xOy ¼
Xm

i¼1

maxfki;ligbi and x4 y ¼
Xm

i¼1

minfki;ligbi

for each x ¼
Pm

i¼1kibi; y ¼
Pm

i¼1libi 2 X. A vector sublattice is always a lattice-subspace, but the converse is not true as shown
in the next example,

Example 1. Let X ¼ ½x1; x2; x3� be the subspace of R4 generated by the vectors x1 ¼ ð6;0;0;1Þ; x2 ¼ ð6;4;0;0Þ; x3 ¼ ð8;4;2;0Þ:
An easy argument shows that the set B ¼ fb1; b2; b3g where

b1

b2

b3

2
64

3
75 ¼

2 0 2 0
12 8 0 0
6 0 0 1

2
64

3
75

forms a positive basis of X therefore X is a lattice-subspace of R4: On the other hand, let us consider the vectors
y1 ¼ 2x1 þ x2 ¼ ð18;4;0;2Þ and y2 ¼ x3 � x2 ¼ ð2; 0;2;0Þ of X. Then, y1 _ y2 ¼ ð18;4;2;2Þ and since y1 ¼ 1

2 b2 þ 2b3; y2 ¼ b1,
it follows that y1Oy2 ¼ b1 þ 1

2 b2 þ 2b3 ¼ ð20;4;4;2Þ, therefore, X is not a vector sublattice of R4.

For an extensive presentation of lattice-subspaces, vector sublattices and positive bases the reader may refer to [1,11,12].

1 A nonzero element x0 of Xþ is an extremal point of Xþ if, for any x 2 X;0 6 x 6 x0 implies x ¼ kx0 for a real number k.
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