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a b s t r a c t

Exponential stability of time-delay systems with nonlinear uncertainties is studied in this
paper. Based on the Lyapunov method and the approaches of decomposing the matrix, a
new exponential stability criterion is derived in terms of a matrix inequality, which allows
to compute simultaneously the two bounds that characterize the exponential nature of the
solution. Some numerical examples are also given to show the superiority of our result to
those in the literature.

� 2009 Elsevier Inc. All rights reserved.

1. Introduction

Consider the following time-delay systems with nonlinear uncertainties:

_xðtÞ ¼ AxðtÞ þ A1xðt � hÞ þ f ðt; xðtÞÞ þ f1ðt; xðt � hÞÞ;
x0ðhÞ ¼ /ðhÞ;

�
ð1:1Þ

where xðtÞ 2 Rn is the state, A;A1 are given matrix, and initial condition is x0ðhÞ ¼ /ðhÞ 2 Cð½�h;0�;RnÞ. The time-varying
parameter uncertainties f ; f1 are assumed to be bounded

kf ðt; xðtÞÞk 6 akxðtÞk; kf1ðt; xðt � hÞÞk 6 a1kxðt � hÞk;

where a;a1 are positive numbers.

Definition 1.1. The system (1.1) is d-stable, with d > 0, if there is a positive number N such that for each /ð:Þ, the solution
xðt;/Þ of the system (1.1) satisfies

kxðt;/Þk 6 Ne�dtk/k 8t P 0;

where k/k ¼maxfk/ðtÞk : t 2 ½�h;0�g. N is called Lyapunov factor.

Because of data errors, environmental noises, the difficulty of measuring various parameters, unavoidable approximation,
etc., most real problems are modeled by time-delay systems with nonlinear uncertainties. So, the stability problem of time-
delay system with nonlinear uncertainties has been an interesting problem in the recent years (see in [2–12] and reference
therein). It is well known that the widely used method is the approach of Lyapunov functions with Razumikhin techniques
and the stability conditions are presented in terms of the solution of either linear matrix inequalities or Riccati equations
[5,8,9]. By using parameterized neutral models, some less conservative criteria, which are dependent on the stability of
the operator, have proposed in [2,10–12]. By proposing a technique to adjust the Lyapunov functionals in [2,11,12], the
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authors in [6,7] have reduced the stability of the operator and given some less conservative more criteria. However, this tech-
nique has not applied to the Lyapunov functional in [10]. Therefore, the first purpose of this paper is to find an improvement
the criterion in [10] by using this technique.

Inspired by the method of decomposing the matrix in [1], we have decomposed the matrix A1 into two parts A11;A12.
Using the operator

DðxtÞ ¼ xðtÞ � A11

Z t

t�h
xðsÞds; ð1:2Þ

we get a generalization of the result in [10]. Combining an exponential translation variable and the technique to reduced the
stability of the operator, we get a new d-stability criterion for the system (1.1). As a consequence of the this criterion, we also
obtain an asymptotical stability criterion. Compared with the results in [10], our result has the following advantages:

� First, by decomposing the matrix A1 into two part A11;A12 and using the operator DðxtÞ ¼ xðtÞ � A11
R t

t�h xðsÞds, our criterion
will be less restricted than the criterion in [10].

� Second, by reducing the stability of the operator, our criterion will be less conservative than the criterion in [10].

The following lemma is needed for our main results.

Lemma 1.1 [6]. Assume that S 2 Rn�n is a symmetric positive-definite matrix. Then for every Q 2 Rn�n,

2hQy; xi � hSy; yi 6 hQS�1Q T x; xi 8x; y 2 Rn:

If we take S ¼ I then we have j2hQy; xij 6 kyk2 þ kQxk2. By decomposing the matrix A1 into two parts A11;A12 and using the
operator DðxtÞ ¼ xðtÞ � A11

R t
t�h xðsÞds, we get a generalization of the result in [10]. This generalization also need for our main

results.

Theorem 1.2. For given h > 0 and a;a1, the system (1.1) is asymptotically stable if the exist the positive-definite matrices
X; Z1; Z2;M and positive scalars �0; �1 and 0 < b < 1 satisfying the following two matrix inequalities:

�bM hAT
11M

H M

 !
< 0; ð1:3Þ

R0 < 0; ð1:4Þ
where

R0 ¼

N11 I I N14 N15 0 hX �0aX X

H ��0I 0 0 0 0 0 0 0
H H ��1I 0 0 0 0 0 0
H H H �h�1Z1 0 0 �hZ1AT

11 ��0aZ1AT
11 �Z1AT

11

H H H H �Z2 �1a1Z2 0 0 0
H H H H H ��1I 0 0 0
H H H H H H �hZ1 0 0
H H H H H H H ��0I 0
H H H H H H H H �Z2

0
BBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCA

with

N11 ¼ ðAþ A11ÞX þ XðAþ A11ÞT ;
N14 ¼ �ðAþ A11ÞA11Z1;

N15 ¼ ðA1 � A11ÞZ2:

Proof. Consider the following Lyapunov functional:

V ¼ V1 þ V2 þ V3; ð1:5Þ

where

V1 ¼
Z t

t�h
ðs� t þ hÞxTðsÞR1xðsÞds;

V2 ¼
Z t

t�h
xTðsÞR2xðsÞ; V3 ¼ DTðxtÞPDðxtÞ:
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