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a b s t r a c t

In this paper, by using Krasnosel’skii fixed-point theorem and under suitable conditions,
we present the existence and multiplicity of nonnegative doubly periodic solutions for
the following system:

utt � uxx þ c1ut þ a11ðt; xÞuþ a12ðt; xÞv ¼ b1ðt; xÞf ðt; x;u;vÞ;
v tt � vxx þ c2v t þ a21ðt; xÞuþ a22ðt; xÞv ¼ b2ðt; xÞgðt; x;u;vÞ;

�
where ci > 0 is a constant, a11ðt; xÞ; a22ðt; xÞ; b1ðt; xÞ; b2ðt; xÞ 2 CðR2;RþÞ; a12ðt; xÞ; a21ðt; xÞ 2
CðR2;R�Þ; f ðt; x;u;vÞ; gðt; x;u;vÞ 2 CðR2 � Rþ � Rþ;RþÞ, and aij; bi; f ; g are 2p-periodic in t
and x. We derive two explicit intervals of b1ðt; xÞ and b2ðt; xÞ such that for any b1ðt; xÞ
and b2ðt; xÞ in the two intervals respectively, the existence of at least one solution for the
system is guaranteed, and the existence of at least two solutions for b1ðt; xÞ and b2ðt; xÞ
in appropriate intervals is also discussed.

� 2009 Elsevier Inc. All rights reserved.

1. Introduction

In this paper we are concerned with the existence and multiplicity of nonnegative solutions for the nonlinear telegraph
system

utt � uxx þ c1ut þ a11ðt; xÞuþ a12ðt; xÞv ¼ b1ðt; xÞf ðt; x; u;vÞ ðt; xÞ 2 R2;

v tt � vxx þ c2v t þ a21ðt; xÞuþ a22ðt; xÞv ¼ b2ðt; xÞgðt; x;u;vÞ ðt; xÞ 2 R2;

uðt þ 2p; xÞ ¼ uðt; xþ 2pÞ ¼ uðt; xÞ ðt; xÞ 2 R2;

vðt þ 2p; xÞ ¼ vðt; xþ 2pÞ ¼ vðt; xÞ ðt; xÞ 2 R2:

8>>>><>>>>: ð1Þ

The existence of a doubly periodic solution for a single telegraph equation is studied by many authors when the nonlin-
earity is bounded or linear growth, see [1–4] and the references therein. The first maximum principle for linear telegraph
equations was built by Ortega and Robles-Perez in [4]. They proved that the maximum principle for the doubly 2p-periodic
solutions of the linear telegraph equation

utt � uxx þ cut þ ku ¼ hðt; xÞ ðt; xÞ 2 R2

holds if and only if k 2 ð0; mðcÞ�, where mðcÞ 2 c2

4 ;
c2

4 þ 1
4

� �
is a constant which cannot be concretely determined. This maximum

principle on the torus >2 (here > ¼ R=2pZ denotes the unit circle) was used in [4] to develop a method of upper and lower
solutions for the doubly periodic solutions of the nonlinear telegraph equation
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utt � uxx þ cut þ mðcÞu ¼ Fðt; x;uÞ ðt; xÞ 2 R2;

when the function u#Fðt; x;uÞ þ mðcÞu is monotonically nondecreasing. Afterwards in [5], Mawhin et al. built a maximum
principle for the solutions uðt; xÞ of the telegraph equation which are 2p-periodic with respect to x and bounded on R with

respect to t when k 2 0; c2

4

� i
. And a similar method of upper and lower solutions was developed when the function

u#Fðt; x;uÞ þ mðcÞu is monotonically nondecreasing. Lately, these authors in [6] have extended their results in [5] to the tele-
graph equations in space dimensions two or three. In addition, another maximum principle for the telegraph equation can be
found in [7], which was built by Li. Recently, by using fixed-point theorem in cones in [8], Li obtained the existence results of
positive doubly periodic solutions for the nonlinear equation

utt � uxx þ cut þ aðt; xÞu ¼ bðt; xÞf ðt; x; uÞ; ð2Þ

where c > 0 is a constant, aðt; xÞ; bðt; xÞ 2 CðR2;RþÞ; f ðt; x;uÞ 2 CðR2 � Rþ;RþÞ, and aðt; xÞ; bðt; xÞ; f ðt; x;uÞ are 2p-periodic in t
and x;0 6 aðt; xÞ 6 c2=4 and f is either superlinear or sublinear on u on the base of maximum principle in [4].

On the other hand, there are many papers connected with the existence and multiplicity of t-periodic solutions for the
nonlinear wave systems and telegraph-wave coupled systems, such as [9–11]. And also many authors deal with second-or-
der ordinary differential systems and second-order elliptic systems, see [12–16].

Inspired by those papers, here our interest is to establish some simple criteria for the existence of single and multiple
solutions for the nonlinear telegraph systems (1) in explicit intervals of b1ðt; xÞ and b2ðt; xÞ by using Krasnoselskii fixed-point
theorem.

The paper is organized as follows: In Section 2, we make some preliminaries; in Section 3, we discuss the existence of
single positive solution for the systems (1); in Section 4, we study the existence conditions of at least two positive solutions
for the systems (1).

2. Preliminaries

Let >2 be the torus defined as

>2 ¼ ðR=2pZÞ � ðR=2pZÞ:

Doubly 2p-periodic functions will be identified to be functions defined on >2. We use the notations

Lpð>2Þ;Cð>2Þ;Cað>2Þ;Dð>2Þ ¼ C1ð>2Þ; . . .

to denote the spaces of doubly periodic functions with the indicated degree of regularity. The space D0ð>2Þ denotes the space
of distributions on >2.

By a doubly periodic solution of (1) we mean that a ðu;vÞ 2 L1ð>2Þ � L1ð>2Þ satisfies (1) in the distribution sense, i.e.R
>2

uðutt �uxx � c1ut þ a11uÞ þ
R
>2

a12vu ¼
R
>2 b1fu;R

>2
vðutt �uxx � c2ut þ a22uÞ þ

R
>2

a21uu ¼
R
>2 b2gu 8u 2 Dð>2Þ:

(

First, we consider the linear equation

utt � uxx þ ciut � kiu ¼ hðt; xÞ in D0ð>2Þ; ð3Þ

where ci > 0; ki 2 R;hðt; xÞ 2 L1ð>2Þ ði ¼ 1;2Þ.
Let £ki

be the differential operator

£ki
¼ utt � uxx þ ciut � kiu

acting on functions on >2. From [4,8], it is easy to know that if ki < 0;£ki
has the resolvent Rki

Rki
: L1ð>2Þ ! Cð>2Þ; h # ui;

where ui is the unique solution of Eq. (3), and the restriction of Rki
on Lpð>2Þ ð1 < p <1Þ or Cð>2Þ is compact. In particular,

Rki
: Cð>2Þ ! Cð>2Þ is a completely continuous operator.
For ki ¼ �c2

i =4, the Green function of the differential operator £ki
is explicitly expressed, which has been obtained in [4].

We denote it by Giðt; xÞ. By Lemma 5.1 in [4], Giðt; xÞ 2 L1, is doubly 2p-periodic. So the unique solution of Eq. (3) can be rep-
resented by convolution product

uiðt; xÞ ¼ ðRki
hÞðt; xÞ ¼

Z
>2

Giðt � s; x� yÞhðs; yÞdsdy: ð4Þ

The expression of Giðt; xÞ will be given in the following.
Let Di ¼ R2 n fi, where fi is the family of lines

x� t ¼ 2kp; k 2 Z:
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