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1. Introduction

Variational inclusions, as the generalization of variational inequalities, have been widely studied in recent years. Many
efficient ways have been studied to find solutions for variational inclusions. Those methods include projection method
and its various forms, linear approximation, descent and Newton’s method, and the method based on auxiliary principle
technique etcetera. The method based on the resolvent operator technique is a generalization of projection method and
has been widely used to solve variational inclusions. For details, we refer to [1-7,13-19,21-23,25-27,29,30,32,34-36] and
the references therein.

It is known that accretivity of the underlying operator plays indispensable roles in the theory of variational inequality and
its generalizations. In 2001, Huang and Fang [20] were the first to introduce generalized m-accretive mapping and give the
definition of the resolvent operator for generalized m-accretive mappings in Banach spaces. They also showed some prop-
erties of the resolvent operator for generalized m-accretive mappings. Recently, Fang and Huang, Lan, Cho and Verma inves-
tigated many generalized operators such as H-monotone [8], H-accretive [10], (H, #n)-accretive [11], (H, n)-monotone [9,12],
(A, n)-accretive mappings [28]. Very recently, Zou and Huang [37] introduced and studied a new class of H(-,-)-accretive
operators in Banach spaces which provided unifying work for the H-accretive, (H,#)-accretive, (A,#)-accretive mappings
in Banach spaces. They showed some properties of the resolvent operator for the H(-,-)-accretive operator and obtained
an application for solving variational inclusions in Banach spaces. They also gave some examples to illustrate their results.

Inspired and motivated by their excellent work, in this paper, we introduce and discuss a new class of system of varia-
tional inclusions involving the H(-, -)-accretive operator in Banach spaces. By using the resolvent operator technique associ-
ated with H(.,-)-accretive operator due to Zou and Huang [37], we prove the existence of the solution for the system of
inclusions and develop a step-controlled iterative algorithm to approach the unique solution. The results presented in this
paper improve and generalize many known results in the literature.

2. Preliminaries

Let X be a real Banach space with dual space X, (-, -) be the dual pair between X and X*, and 2* denote the family of all the
nonempty subsets of X. The generalized duality mapping J, : X — 2% is defined by
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where g >1 is a constant. In particular, J, is the usual normalized duality mapping. It is known that, in general,
Jox) = x|, () for all x=<0 and J, is single-valued if X" is strictly convex. In the sequel, we always assume that X is a real
Banach space such that J, is single-valued. If X is a Hilbert space, then J, becomes the identity mapping on X.

The modulus of smoothness of X is the function py : [0,00) — [0, c0) defined by

1
p(t) = sup {juxwu Flx =yl =1 X< 1yl < t}.
A Banach space X is called uniformly smooth if

lim 2O _

t—0 )

X is called g-uniformly smooth if there exists a constant ¢ > 0 such that
px(t) <ct?, g>1.

Note that J, is single-valued if X is uniformly smooth. In the study of characteristic inequalities in g-uniformly smooth Ba-
nach spaces, Xu [33] proved the following result.

Lemma 2.1. Let X be a real uniformly smooth Banach space. Then X is q-uniformly smooth if and only if there exists a constant
cq > 0 such that for all x,y € X,

x4+ Y1 < [1x]1° + q(y.Jo (%)) + cqlly]l*-
Definition 2.1. Let A,B: X — X be two single-valued mappings and H,# : X x X — X be two single-valued mappings.

(i) A is said to be accretive if
(Ax —Ay.J,(x =) =0, Vx,yeX;

(ii) A is strictly accretive if A is accretive and
(Ax — Ay, J(x—y)) =0,

if and only if x = y;
(iii) H(A,) is said to be a-strongly accretive with respect to A if there exists a constant o > 0 satisfying

(H(AX, u) - H(Ay u)v.’q(x _y)> = O(HX - .VHq’ nyys ue X;
(iv) H(-,B) is said to be B-relaxed accretive with respect to B if there exists a constant g > 0 such that
<H(U,BX) - H(u7 By)r.]q(x 7y)> = *ﬁ”X - y||q7 VX,% ue X7
(v) H(-,-) is said to be p-Lipschitz continuous with respect to A if there exists a constant p > 0 such that
[H(Ax,u) — HAy, u)[| < pllx = yIl, VX,y,u€X;
(vi) A is said to be y-Lipschitz continuous if there exists a constant y > 0 such that
[Ax — Ayl < ylix =yl Vx.y€X;
(vii) n(x,-) is said to be strongly accretive with respect to H(A, B), if there exists a constant ¢ such that
(”(X7 u) - ”(y> u)v]q(H(AX7BX) - H(Ay7 By))> = iHX - y||q7 VX, uye X.
In a similar way to (v) and (vii), we can define the Lipschitz continuity of the mapping H with respect to B and the strong
accretivity of #(-,y) with respect to H(A, B).
Definition 2.2. Let#: X x X — X and H,A : X — X be three single-valued mappings. Let M : X — 2* be a set-valued mapping.

(i) n is said to be t-Lipschitz continuous if there exists a constant 7 such that
Myl <zix=yl, YxyeX;
(ii) M is said to be accretive if
(u—vJ,(x-y)) =0, Vx,yeXueMx veMy;
(iii) M is said to be n-accretive if

(u—vJ,n(x,y)) =0, ¥x,yeX,ueMx,veMy;
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