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1. Introduction

For completely integrable evolution equations, many distinct methods namely, the generalized symmetry method [1-6],
the inverse scattering method, the Backlund transformation method, and the Hirota bilinear method [7-17] were thoroughly
used to derive the multiple soliton solutions of these equations. Hirota’s bilinear method is rather heuristic and possesses
significant features that make it practical for the determination of multiple soliton solutions [18-30] for a wide class of non-
linear evolution equations in a direct method. Moreover, the tanh method [31-34] was used to determine single soliton solu-
tion. The computer symbolic systems such as Maple and Mathematica allow us to perform complicated and tedious
calculations.

As stated before, the classification of integrable equations is usually examined by many distinct approaches. In [1-4], the
complete classification of coupled symmetric KdV-type equations and Burgers-type equations, that possess higher general-
ized symmetries, was thoroughly addressed. Foursov [1] applied the generalized symmetry method to derive several sys-
tems, where 11 of these systems were previously unknown classes of integrable equations of the coupled potential KdV
and modified KdV-type equations.

Two integrable coupled potential KdV equations and modified KdV-type equations [1], termed by D. System (11) and L.
System (6), given respectively by
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Ur = 5 Uxx + 5 Vxx +2u§ + Ui?
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” 1 (1)
Ve = 5o + 5 Voo + 205 + U

and
Up = Ugex + SUVUy + U Dy,
(2)

Ur = Ux + 3UDU + VU
will be selected for further study in this work. The tanh method [31-34] will be first used to determine the relation between
the solutions u(x, t) and »(x, t). The Cole-Hopf transformation method combined with Hirota’s bilinear method [7-17,23-30]

E-mail address: wazwaz@sxu.edu

0096-3003/$ - see front matter © 2008 Elsevier Inc. All rights reserved.
doi:10.1016/j.amc.2008.10.052


mailto:wazwaz@sxu.edu
http://www.sciencedirect.com/science/journal/00963003
http://www.elsevier.com/locate/amc

398 A.-M. Wazwaz/ Applied Mathematics and Computation 207 (2009) 397-405

will be used next. Our goal from applying these methods is to construct multiple regular soliton solutions and multiple sin-
gular soliton solutions. Hirota and Ito in [7] examined the phenomena of two solitons near resonant state, two solitons at the
resonant state, and two solitons after colliding with each other. It was proved in [7] that two solitons become singular after
colliding with each other, in the sense that regular solitons with sech? profiles are transmitted into singular solitons with
cosech? profiles through the interaction.

In what follows we highlight briefly the main steps of Hirota’s bilinear method [7-17] that will be used in this work. The
other two methods will be presented in the forthcoming sections.

2. Hirota’s bilinear method

We first substitute
u(x, t) = eka 3)

into the linear terms of the equation under discussion to determine the dispersion relation between k and c. We then sub-
stitute the single soliton solution
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u(x,t) = R( arctan [ ————= , 4
) =R(areran ((E27)) @

u(x.t) = Rinf(x.0), = R, 5)
or
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ux.) = Rilngx.0),, = RE= ©)
into the equation under discussion, where the auxiliary function f(x, t) is given by

fxO=1+fix,t)=1+e", (7)
where

Oi:kiX—Cif, i:1,2,...,N (8)

and solving the resulting equation to determine the numerical value for R. The N-soliton solutions can be obtained following
the main steps:

(i) For dispersion relation, we use

ux,t)y=-e 0 =kix —ct. 9)
(ii) For single soliton, we use

fx)=1+e". (10)
(iii) For two-soliton solutions, we use

fx,t) =1+e" +e% +a e, (11)

(iv) For three-soliton solutions, we use

f(X, t) =1 + e(l] + eﬂz + 6’03 + (11260‘“’2 + (12360#03 4 (113601+03 + b123€01+02+03‘ (12)

However, for the multiple singular soliton solutions, we follow the following steps:

(i) For dispersion relation, we use

ux,t)y=-e" 0 =kix — wit. (13)
(ii) For single soliton, we use

flx,t)=1—¢". (14)
(iii) For two-soliton solutions, we use

flx,t) =1—¢e" —e% t a;pehh, (15)

(iv) For three-soliton solutions, we use

f(X, f) —-1- e()] _ eﬂz _ e()g 4 alzeﬂlﬂ)z 4 az3e02+03 4 013601“)3 _ b123€0] +02+03. (16)
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