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Keywords: We propose a new Broyden-like method that we call autoadaptative limited memory
Limited memory Broyden method method. Unlike classical limited memory method, we do not need to set any parameters
Rank reduction such as the maximal size, that solver can use. In fact, the autoadaptative algorithm auto-

Superlinear convergence

~o! matically increases the approximate subspace when the convergence rate decreases. The
Autoadaptativity

convergence of this algorithm is superlinear under classical hypothesis. A few numerical
results with well-known benchmarks functions are also provided and show the efficiency
of the method.
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1. Introduction

Consider the problem of finding a solution of the system of nonlinear equations
F(x)=0, F:R"—R". (1)

The mapping F is assumed to have the following classical assumptions:

e the mapping F is continuously differentiable in an open convex set Z;
o there is an x. in 2 such that F(x,) = 0 and F'(x.) is nonsingular; (CA)
e the Jacobian F is Lipschitz continuous at x,.

The well-known method for solving this problem is Newton’s method. For an initial guess x, near x., this method con-
verges quadratically. However, an iteration of the algorithm turns out to be expensive, because it requires one F-evaluation,
one F'-evaluation and solving a linear system implying the Jacobian matrix. For more details see [10,12,16].

A direct solution of the above linear system is often expensive. Inexact Newton methods [4,5] allow to find approximately
its solution using an iterative solver like Newton-Krylov. The convergence of the linear solver is stopped as soon as its resid-
ual is lower than the current Newton iteration’s residual. Quasi-Newton methods are used to reduce the evaluation cost of
the Jacobian matrix. They use only approximations of this matrix [7,13]. Also, if the function evaluations are very expensive,
the cost of a solution by quasi-Newton methods could be much smaller than with inexact Newton methods. In particular,
Broyden’s method [2] that uses successive approximations by carrying out rank-one updates, requires only one F-evaluation
per iteration. Given an initial guess xo and an initial Jacobian approximation B,, and denoting s, = Xy,1 — X, and
¥ = F(xks1) — F(xi), the Broyden algorithm can be written as follows:
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Broyden’s algorithm

For k=0,1,2,... until convergence,
Solve Bys, = —F(x) for sy,
Xkr1 = Xk + Sk,
Yie = F(Xki1) — F(Xk),

T

S
BI(H =By + (yk - Bksk) ﬁv (2)
k

Under the classical hypothesis (CA), this algorithm converges locally and superlinearly [3]. However, a drawback of this
method is the storage of the Broyden’s matrix. In fact, this matrix contains one vector per iteration. Thus, the storage costs
O(kn) where k is the total number of iterations. And this cost becomes prohibiting in case of poor convergence. Thus, a
restarted version of this method was introduced in [9]. Unfortunately, convergence becomes slow if there are too many
restarts. In fact, all information gathered during previous iterations is lost when restarting. To overcome this drawback,
the limited memory Broyden methods do not discard the approximate subspace [17,18] but refine it. Among these methods,
the rank reduction method, detailed below, gives good results.

To describe the algorithms in this paper, we need the concept of an update function. Update functions are only a mean to
denote the various Jacobian approximations which might be used in the iterative process [6]. Let #(R") denote the space of
all linear maps from R" to R", and 2(#(R")) denotes the collection of all subsets of #(R"). If the scheme for a quasi-Newton
method is written

X1 = X — By 'F(x), 3)

the method of generating the matrices {B,} can then be described by specifying for each (x4, By) a nonempty set ®(x, By) of
possible candidates for By, where

@ :R" X Zp(R) — 2(ZLn(R))
is a well defined update function. For example, if

_ T
E:B+w7
S'S

then the Broyden algorithm can be written as
Xkt = X — B 'F(xy),

where By,1 € ®(xi, By) and
®(x,B) = {B : s#0}.

In this case s = X — x and y = F(X) — F(x), where X = x — B"'F(x).

The organization of the paper is as follows. Section 2 introduces a description of the rank reduction method. In Section 3,
we introduce an autoadaptative limited memory and show its local and superlinear convergence. Section 4 introduces a
modified version of the autoadaptative algorithm. Finally, in Section 5 we present some numerical results. In the following,
Il and ||.||r stand, respectively, for the Euclidean and the Frobenius norm.

2. Rank reduction method

The Broyden rank reduction method consists in approaching the update matrix by a low rank matrix [18]. Eq. (2) implies
that if an initial matrix By is updated [ times, the resulting matrix B, can be written as follows:

-1 T
S
B :BO+Z(yk — Bysi) -~ =Bo + CD' = By + Q, (5)
Py SicSk
with C = [¢q,...,¢], D= [d1,...,d], defined by
—Bys S
CkHZW dkHZm, kZO,‘..,l—l.
The matrix

!
Q=0D"=) ad

k=1
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