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Abstract

In this article, the generalized Vandermonde determinants of order nþ 1 are introduced and studied systematically, a
type of mean values of several positive numbers are defined by using the same type of determinants, and some of their basic
properties and applications are given.
� 2008 Elsevier Inc. All rights reserved.
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1. Introduction

Throughout the present investigation, we assume that

x ¼ ðx0; x1; x2; . . . ; xnÞ; N0 :¼ N [ f0g ðN :¼ f1; 2; 3; . . .gÞ;
and

R ¼ ð�1;1Þ; Rþ ¼ ½0;1Þ; and Rn
þ ¼ ½0;1Þ

n
:

The following determinant of the Vandermonde matrix of order nþ 1 is well known:

V ðxÞ :¼

1 x0 x2
0 . . . xn

0

1 x1 x2
1 . . . xn

1

1 x2 x2
2 . . . xn

2

. . . . . . . . . . . . . . .

1 xn x2
n . . . xn

n

������������

������������
¼

Y
05i<j5n

ðxj � xiÞ: ð1:1Þ

Obviously, if we set

x0 < x1 < � � � < xn;
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then

V ðxÞ > 0:

Recently, Xiao and Zhang [3] gave the following general form of the Vandermonde determinant of order
nþ 1:

V ðx; rÞ :¼

1 x0 x2
0 � � � xn�1

0 xnþr
0

1 x1 x2
1 � � � xn�1

1 xnþr
1

1 x2 x2
2 � � � xn�1

2 xnþr
2

� � � � � � � � � � � � � � � � � �
1 xn x2

n � � � xn�1
n xnþr

n

������������

������������
; ð1:2Þ

where

xi 2 Rþ ð0 5 i 5 nÞ and r 2 R:

In fact, Xiao and Zhang [3] also proved an integral identity relating V ðx; rÞ with V ðxÞ as follows:

V ðx; rÞ ¼
Yn

k¼1

ðk þ rÞ � V ðxÞ �
Z

E

Xn

i¼0

xiti

 !r

dt1 dt2 � � � dtn; ð1:3Þ

where

t0 ¼ 1�
Xn

i¼1

ti

and

E :¼ ðt1; t2; . . . ; tnÞ :
Xn

i¼1

ti 5 1 ðti 2 Rþ; i ¼ 1; . . . ; nÞ
( )

:

Subsequently, Xiao et al. [4] studied the extended mean values Eðp; q; xÞ by using the generalized
Vandermonde determinant V ðx; rÞ in (1.2) above and established the following result.

Theorem 1. Let

x ¼ ðx0; x1; . . . ; xnÞ 2 Rnþ1
þ ðxi 6¼ xj when i 6¼ jÞ:

Then the extended mean values Eðp; q; xÞ of the ðnþ 1Þ-tuple x with two parameters p and q are increasing

strictly with respect to both p 2 R and q 2 R, where

Eðp; q; xÞ :¼

Qn
i¼1

iþq
iþp �

V ðx;p;0Þ
V ðx;q;0Þ

� �1=ðp�qÞ

ðp � qÞ
Qn
i¼1

½ðiþ pÞðiþ qÞ� 6¼ 0

� �
;

ð�1Þqþ1ð�q�1Þ!ðqþnÞ!Qn

i¼1
ðiþpÞ

� V ðx;p;0Þ
V ðx;q;1Þ

� �1=ðp�qÞ

ðp 6¼ q; q 2 f�1;�2; . . . ;�ngÞ;

ð�1Þq�pð�q�1Þ!ðqþnÞ!
ð�p�1Þ!ðpþnÞ! � V ðx;p;1Þ

V ðx;q;1Þ

� �1=ðp�qÞ
ðp 6¼ q; p; q 2 f�1;�2; . . . ;�ngÞ;

exp V ðx;p;1Þ
V ðx;p;0Þ �

Pn
i¼1

1
iþp

� �
ðp ¼ q 62 f�1;�2; . . . ;�ngÞ;

exp V ðx;p;2Þ
2V ðx;p;1Þ �

Pn
i¼1
ði 6¼�pÞ

1
iþp

0
B@

1
CA ðp ¼ q; q 2 f�1;�2; . . . ;�ngÞ

8>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>:

ð1:4Þ
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