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Abstract

In this article, the generalized Vandermonde determinants of order n + 1 are introduced and studied systematically, a
type of mean values of several positive numbers are defined by using the same type of determinants, and some of their basic
properties and applications are given.
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1. Introduction

Throughout the present investigation, we assume that
x = (x0,x1,%2,...,%,), No:=NuU{0} (N:={1,2,3,...}),
and
R=(-00,00), R;=[0,00), and R =][0,00)".

The following determinant of the Vandermonde matrix of order n + 1 is well known:

1 x xé R A
1 x x ... X
Vix):=|1 x x ... xi|= H (x; — x;). (1.1)
0Si<j<n
1 x, xﬁ R

Obviously, if we set

Xo < X1 < -0 < Xp,
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then

V(x)>0.
Recently, Xiao and Zhang [3] gave the following general form of the Vandermonde determinant of order
n+1:

2 n—1 n+r
I xo x5 - x5 x5
2 n—1 n—+r
I x x X X
. — 2 -1 n+r
Visr):=|1 x x3 - x50 X7, (1.2)
2 .. n—1 n+r
I x, x; X Xl
where

xeR, (0£i<n) and reR.
In fact, Xiao and Zhang [3] also proved an integral identity relating ¥ (x;7) with V(x) as follows:

n

Vix;r) = H(k +7)-V(x) /E (Zn:xif:) de dt, - - - dt,, (1.3)

k=1

where

=1 —z”:t,-
i=1

and

n

E:= {(tl,tz,...,t,,):Zt,-§l (teR,; i= 1,...,n)}.
Subsequently, Xiao et al. [4] studied the extended mean values E(p,q;x) by using the generalized
Vandermonde determinant V' (x;r) in (1.2) above and established the following result.
Theorem 1. Let
x = (X0, X1,...,%,) € R'fl (x; # x; when i # j).

Then the extended mean values E(p,q;x) of the (n+ 1)-tuple x with two parameters p and q are increasing
strictly with respect to both p € R and q € R, where

n — 1/(p—q)
i+ x;p,
(i) (09

(G +p)i+4)] # o),

s

i=1

E(p,q;x) ==
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