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Abstract

In this paper, a new method of calculation of real (and even complex) powers of some asymmetric matrices obeying
constance tridiagonals is presented.
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1. Introduction

Let us set
ra e -
b a c 0
b a ¢
T,(a,b,c) := . ) ) ; (1)
0 b a c
L b a— nxn

where a,b,c € C, n € N,

In the course of preparing paper [1] focused on a certain property of tridiagonal matrices and general con-
stant-diagonals matrices, the authors came across a certain phenomenon connected with the real powers of
tridiagonal matrix T,(x,1,1) and then with the complex powers of matrices of a more general form:

Fi(a,b,c,4) :== (2)
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where a,b,c € C and 4 := a + ¢. This phenomenon consists of finding Binet’s formulas of elements of positive
integers powers of given matrix and next to extend these ones to complex powers. Our considerations are ex-

tended also to matrices of asymmetric forms:

a yb yec
G;(a,b,c,A,y) .= |b A b
c b a

and

a yb ¢ Ve
b A yd yec
c d A yb

e ¢ b a

G4(aabac7d7e7Aay) =

for any a,b,c,e,y € C, A :=a+yc, d := b+ ye.

2. Positive integers powers of F;

3)

We shall start our deliberations with a simple case, that is with describing the positive integers powers of

matrix (2).

Lemma 2.1. Let aj,by,c) € C and Ay := a; + ¢1. Then we have:
(F3(a1,b1,c1,A1))k = Fs(ak,bk>ck7Ak)

for every k € N, where the following formulas hold:

Ay = ap + ¢,

ary1 = aya; + biby + cicy,
bry1 = Ayby + Aiby,

Crr1 = ai¢; + biby + cray,

A1 = 2b1by + A1 Ay

The proof of Lemma by induction follows.

Corollary 2.2. We have

ay = Ck + ((11 — Cl)k.

Proof. We note that (7)—(9) = ay+1 — cx+1 = (a1 — c)(ax — ¢p), k=1,2,..

Corollary 2.3. Now let us set (x,y € C):

1 V2
z:=a; —c, A ::§(x+y), b ::T(x—y).

O

Then the following identities (the Binet’s formulas for a;, by, ¢, and Ay, see for example [2-4]) can be easily

generated.:
1
ak(x7y7z) = Z(‘xk +yk + 2Zk)7

ale3,2) = (& 40— 2,
v2
4
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bi(x,y) = —— (" =)

(12)
(13)

(14)
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