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Abstract

This paper deals with the blow-up properties of the solution to degenerate and singular parabolic system with localized
sources and homogeneous Dirichlet boundary conditions. The existence of a unique classical nonnegative solution is estab-
lished and the sufficient conditions for the solution exists globally and blows up in finite time are obtained. Furthermore,
under certain conditions, it is proved that the blow-up set of the solution is the whole domain.
� 2007 Elsevier Inc. All rights reserved.
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1. Introduction

In this paper, we consider the following degenerate and singular nonlinear reaction–diffusion equations
with localized sources:

xq1 ut � ðxr1 uxÞx ¼ vp1ðx0; tÞ; ðx; tÞ 2 ð0; aÞ � ð0; T Þ;
xq2 vt � ðxr2 vxÞx ¼ up2ðx0; tÞ; ðx; tÞ 2 ð0; aÞ � ð0; T Þ;
uð0; tÞ ¼ uða; tÞ ¼ vð0; tÞ ¼ vða; tÞ ¼ 0; t 2 ð0; T Þ;
uðx; 0Þ ¼ u0ðxÞ; vðx; 0Þ ¼ v0ðxÞ; x 2 ½0; a�;

8>>><
>>>: ð1:1Þ

where T > 0, a > 0, r1, r2 2 [0,1), jq1j + r1 5 0, jq2j + r2 5 0 and p1 > 1, p2 > 1, x0 2 (0, a) is a fixed point, and
u0ðxÞ; v0ðxÞ 2 C2þaðDÞ for some a 2 (0,1) are nonnegative nontrivial functions and satisfy the compatibility
condition.

Let D = (0, a) and Xt = D · (0, t), D and Xt are their closures respectively. Since jq1j + r1 5 0, jq2j + r2 5 0,
the coefficients of ut, ux, uxx and vt, vx, vxx may tend to 0 or1 as x tends to 0, we can regard the equations as
degenerate and singular.
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Floater [1] and Chan et al. [2] investigated the blow-up properties of the following degenerate parabolic
problem:

xqut � uxx ¼ up; ðx; tÞ 2 ð0; aÞ � ð0; T Þ;
uð0; tÞ ¼ uða; tÞ ¼ 0; t 2 ð0; T Þ;
uðx; 0Þ ¼ u0ðxÞ; x 2 ½0; a�;

8><
>: ð1:2Þ

where q > 0 and p > 1. Under certain conditions on the initial datum u0(x), Floater [1] proved that the solution
u(x, t) of (1.2) blows up at the boundary x = 0 for the case 1 < p 6 q + 1. This contrasts with one of the results
in [3], which showed for the case q = 0, the blow-up set of solution u(x, t) of (1.2) is a proper compact subset of
D. For the case p > q + 1, under certain conditions, in [2] Chan et al. proved that x = 0 is not a blow-up point
and the blow-up set is a proper compact subset of D.

In [4], Chen et al. consider the following degenerate nonlinear reaction–diffusion equation with nonlocal
source:

xqut � ðxcuxÞx ¼
R a

0
up dx; ðx; tÞ 2 ð0; aÞ � ð0; T Þ;

uð0; tÞ ¼ uða; tÞ ¼ 0; t 2 ð0; T Þ;
uðx; 0Þ ¼ u0ðxÞ; x 2 ½0; a�;

8><
>:

they established the local existence and uniqueness of classical solution. Under appropriate hypotheses, they
also got some sufficient conditions for the global existence and blow-up of positive solution. Furthermore, un-
der certain conditions, it is proved that the blow-up set of the solution is the whole domain.

In [5], Zhou et al. discussed the following degenerate and singular nonlinear reaction–diffusion equations
with nonlocal source:

xq1 ut � ðxr1 uxÞx ¼
R a

0
vp1 dx; ðx; tÞ 2 ð0; aÞ � ð0; T Þ;

xq2 vt � ðxr2 vxÞx ¼
R a

0 up2 dx; ðx; tÞ 2 ð0; aÞ � ð0; T Þ;
uð0; tÞ ¼ uða; tÞ ¼ vð0; tÞ ¼ vða; tÞ ¼ 0; t 2 ð0; T Þ;
uðx; 0Þ ¼ u0ðxÞ; vðx; 0Þ ¼ v0ðxÞ; x 2 ½0; a�;

8>>><
>>>:

they established the local existence and uniqueness of classical solution. Under appropriate hypotheses, they
obtained some sufficient conditions for the global existence and blow-up of positive solution.

In [6], Chan et al. considered the following degenerate semilinear parabolic equation:

xqut � uxx ¼ f ðuðx0; tÞÞ; ðx; tÞ 2 ð0; aÞ � ð0; T Þ;
uð0; tÞ ¼ uða; tÞ ¼ 0; t 2 ð0; T Þ;
uðx; 0Þ ¼ u0ðxÞ; x 2 ½0; a�;

8><
>:

where q P 0, x0 2 (0,a). They established the local existence and uniqueness of classical solution and got some
sufficient conditions for the blow-up of positive solution. Furthermore, under certain conditions, it is proved
that the blow-up set of the solution is the whole domain.

In this paper, we want to know the effect of the singularity, degeneracy and localized reaction on the behav-
ior of the solution of (1.1) and show that the blow-up set of the solution of (1.1) is the whole domain. Our
main results are stated as follows.

Theorem 1.1. Let (u(x, t), v(x, t)) be the solution of (1.1), if there exist a1,a2 > 0, such that u0(x) 6 a1w(x),
v0(x) 6 a2u(x), then (u(x, t), v(x, t)) exists globally, where wðxÞ ¼ a2�r1

2�r1
ðxa Þ

1�r1ð1� x
aÞ and uðxÞ ¼

a2�r2

2�r2
ðxa Þ

1�r2ð1� x
aÞ.

Theorem 1.2. If u0(x), v0(x) are sufficiently large in a neighborhood of x0, then the solution (u(x, t), v(x, t)) of

problem (1.1) blows up in a finite time.

Theorem 1.3. When q1 > 0, r1 = 0 or q2 > 0, r2 = 0, if the solution of problem (1.1) blows up in a finite time, then

the blow-up set is D.
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