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a b s t r a c t

In this paper we construct a new class of continuous methods for Volterra integral equa-
tions. These methods are obtained by using a collocation technique and by relaxing some
of the collocation conditions in order to obtain good stability properties.

� 2008 Elsevier Inc. All rights reserved.

1. Introduction

In this paper we analyze the construction of highly stable continuous methods for the numerical solution of Volterra inte-
gral equations (VIEs) of the second kind

yðtÞ ¼ gðtÞ þ
Z t

t0

kðt;g; yðgÞÞdg; t 2 ½t0; T�; ð1:1Þ

where the functions g : R! RD and k : R2 � RD ! RD are assumed to be sufficiently smooth. Let N be a positive integer and
consider the uniform grid

tn ¼ t0 þ nh; n ¼ 0;1; . . . ;N; Nh ¼ T � t0:

To define numerical methods for (1.1) it is convenient to split for t 2 ½tn; tnþ1� the integral appearing in this equation into two
parts, and to rewrite the equation in the form

yðtÞ ¼ F ½n�ðtÞ þU½nþ1�ðtÞ ð1:2Þ

with the lag-term F ½n�ðtÞ defined by

F ½n�ðtÞ ¼ gðtÞ þ
Z tn

t0

kðt;g; yðgÞÞdg

and the increment term U½nþ1�ðtÞ defined by

U½nþ1�ðtÞ ¼
Z t

tn

kðt;g; yðgÞÞdg:
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Observe that we have supressed the dependence of F ½n�ðtÞ and U½nþ1�ðtÞ on yðtÞ. We will look for a continuos approximation
Pðtn þ shÞ, s 2 ½0;1�, to the solution yðtn þ shÞ of (1.1), which employs the information about the equation on two consecutive
steps. The methods for (1.1) are defined by

Pðtn þ shÞ ¼ u0ðsÞyn�1 þu1ðsÞyn þ
Pm
j¼1

vjðsÞPðtn�1;jÞ þ
Pm
j¼1

wjðsÞðF
½n�
h ðtn;jÞ þU½nþ1�

h ðtn;jÞÞ;

ynþ1 ¼ Pðtnþ1Þ;

8><>: ð1:3Þ

where s 2 ð0;1�, n ¼ 1;2; . . . ;N � 1. Here, c ¼ ½c1; . . . ; cm�T is the abscissa vector, tn�1;j ¼ tn�1 þ cjh, tn;j ¼ tn þ cjh, and F ½n�h ðtÞ,
U½nþ1�

h ðtÞ are approximations to F ½n�ðtÞ, U½nþ1�ðtÞwhich are usually computed by appropriate quadrature formulas of sufficiently
high order. The polynomial Pðtn þ shÞ will be explicitly defined after solving, at each step, a system of nonlinear equations in
the stage values Y ½nþ1�

i ¼ Pðtn;iÞ and ynþ1. The polynomials u0ðsÞ, u1ðsÞ, vjðsÞ and wjðsÞ, j ¼ 1;2; . . . ;m, which define the method
(1.3) will be determined from the continuous order conditions derived in Section 2.

It will be assumed that the approximations F ½n�h ðtÞ, U½nþ1�
h ðtÞ to F ½n�ðtÞ, U½nþ1�ðtÞ take the following forms:

F ½n�h ðtÞ ¼ gðtÞ þ h
Xn

m¼1

b0kðt; tm�1; ym�1Þ þ
Xm

j¼1

bjkðt; tm�1;j; Pðtm�1;jÞÞ þ bmþ1kðt; tm; ymÞ
 !

ð1:4Þ

and

U½nþ1�
h ðtn;iÞ ¼ h wi;0kðtn;i; tn; ynÞ þ

Xm

j¼1

wi;jkðtn;i; tn;j; Pðtn;jÞÞ þwi;mþ1kðtn;i; tnþ1ynþ1Þ
 !

; ð1:5Þ

with given weights b0, bj, bmþ1, wi;0, wij and wi;mþ1. Observe that these formulas employ the values of the kernel k at the points
tm and tm;j.

Computing (1.3) for s ¼ ci, i ¼ 1;2; . . . ;m, and s ¼ 1, we obtain

Y ½nþ1�
i ¼ u0ðciÞyn�1 þu1ðciÞyn þ

Pm
j¼1

vjðciÞY ½n�j þ
Pm
j¼1

wjðciÞðF ½n�h ðtn;jÞ þU½nþ1�
h ðtn;jÞÞ;

ynþ1 ¼ u0ð1Þyn�1 þu1ð1Þyn þ
Pm
j¼1

vjð1ÞY
½n�
j þ

Pm
j¼1

wjð1ÞðF
½n�
h ðtn;jÞ þU½nþ1�

h ðtn;jÞÞ;

8>>><>>>: ð1:6Þ

n ¼ 1;2; . . . ;N � 1, where Y ½nþ1�
i ¼ Pðtn;iÞ, Y ½n�i ¼ Pðtn�1;iÞ. Introducing the notation

Y ½n� ¼
Y ½n�1

..

.

Y ½n�m

2664
3775; F ½n�h ðtn;cÞ ¼

F ½n�h ðtn;1Þ

..

.

F ½n�h ðtn;mÞ

2664
3775; U½nþ1�

h ðtn;cÞ ¼
U½nþ1�

h ðtn;1Þ

..

.

U½nþ1�
h ðtn;mÞ

2664
3775; u0ðcÞ ¼

u0ðc1Þ
..
.

u0ðcmÞ

2664
3775; u1ðcÞ ¼

u1ðc1Þ
..
.

u1ðcmÞ

2664
3775;

vð1Þ ¼

v1ð1Þ
..
.

vmð1Þ

2664
3775; wð1Þ ¼

w1ð1Þ
..
.

wmð1Þ

2664
3775;

and

A ¼ ½vjðciÞ�mi;j¼1; B ¼ ½wjðciÞ�mi;j¼1;

the formula (1.6) can be rewritten in the following vector form:

Y ½nþ1� ¼ ðu0ðcÞ � IÞyn�1 þ ðu1ðcÞ � IÞyn þ ðA� IÞY ½n� þ ðB� IÞðF ½n�h ðtn;cÞ þU½nþ1�
h ðtn;cÞÞ;

ynþ1 ¼ u0ð1Þyn�1 þu1ð1Þyn þ ðvTð1Þ � IÞY ½n� þ ðwTð1Þ � IÞðF ½n�h ðtn;cÞ þU½nþ1�
h ðtn;cÞÞ;

(
ð1:7Þ

n ¼ 1;2; . . . ;N � 1, where I is the identity matrix of dimension D. The polynomial PðtÞ in (1.3) provides a continuous approx-
imation of the solution on the interval of integration ½t0; T�.

The idea of two-step Runge–Kutta and collocation methods has been widely developed in the context of ordinary differ-
ential equations (ODEs) and delay differential equations (DDEs). In particular the papers [1,3,11,12,14,16,18,22,23] and the
monograph [15] are concerned with discrete two-step Runge–Kutta methods for ODEs, while the papers [4,6,13,17,2,5] deal
with continuous two-step collocation and two-step Runge–Kutta methods for ODEs and DDEs, respectively.

In this paper we will construct highly stable almost two-step collocation methods for VIEs, following the approach pro-
posed in [13] in the context of ODEs. This technique is based on using a collocation technique and then relaxing some of the
collocation and interpolation conditions in order to obtain desirable stability properties. We will analyze the convergence
and order of the proposed methods and provide the stability analysis with respect to the basic test equation
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