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Two-step collocation methods tions. These methods are obtained by using a collocation technique and by relaxing some
Volterra integral equations of the collocation conditions in order to obtain good stability properties.
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1. Introduction

In this paper we analyze the construction of highly stable continuous methods for the numerical solution of Volterra inte-
gral equations (VIEs) of the second kind

y() = g(t) + / ke, my(m)dy, €€ [to, T), (1.1)

where the functions g : R — R and k : R?> x RP — RP are assumed to be sufficiently smooth. Let N be a positive integer and
consider the uniform grid
th=to+nh, n=0,1,....N, Nh=T -t

To define numerical methods for (1.1) it is convenient to split for t € [t,, t,,1] the integral appearing in this equation into two
parts, and to rewrite the equation in the form

() = F"(t) + @™ (t) (1.2)
with the lag-term F"(t) defined by

tn
P =g+ [ ke nyp)dn
to
and the increment term ®™!(t) defined by

o (t) = /t k(t, n,y(1))dn.
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Observe that we have supressed the dependence of F™(t) and "+ (t) on y(t). We will look for a continuos approximation

P(t, + sh), s € [0, 1], to the solution y(t, + sh) of (1.1), which employs the information about the equation on two consecutive
steps. The methods for (1.1) are defined by

P(tn +5h) = @o(S)Vn_1 + @1 (S)Y, + 2 Zi(S)P(t-15) + i Wi () (Fy (tng) + B (tng),
j= j=1

Yni1 = P(tns1),

(1.3)

where s € (0,1, n=1,2,...,N— 1. Here, ¢ = [c1,...,cq|" is the abscissa vector, t, 1; =ty 1 + Gh, t,j = t, + c;h, and F'(t),
@L””] (t) are approximations to F" (t), ™1 (t) which are usually computed by appropriate quadrature formulas of sufficiently
high order. The polynomial P(t, + sh) will be explicitly defined after solving, at each step, a system of nonlinear equations in
the stage values Y}”*” = P(tq;) and y,.;. The polynomials ¢ (s), ;(s), %;(s) and y;(s),j = 1,2,...,m, which define the method
(1.3) will be determined from the continuous order conditions derived in Section 2.

It will be assumed that the approximations FI"(t), &I"""(t) to F"(t), ®#""(t) take the following forms:

n m
Fy(t)=g(t)+h>_ (bok(t, o, Yyo1) + ) bik(t 1), P(t_1))) + bmiak(t £y, yv)) (1.4)
v=1 j=1
and
1 m
o (ty) =h <Wi‘0k(tn.i7 tn,Yn) + ZWi.jlf(fn,i-, tnjs P(tnj)) + Wims1 K(tn;, tn+1yn+1)>7 (1.5)
=
with given weights b, bj, b1, Wio, Wy and w; ... Observe that these formulas employ the values of the kernel k at the points
t, and t;.
Computing (1.3)fors =c;,i=1,2,...,m, and s = 1, we obtain
VI = @o(@ynr + @r(en+ 32 1Y) + 2y (e) (F' (ko) + 27 (),
= =
(1.6)
m m
Yur = @o(Dns + @1 (D0 + L 1DV + 2 u5(D(E b)) + &7 t),
j= j=
n=1,2,...,N—1, where Y,["”] = P(ty;), Yl[”] = P(t,_1;). Introducing the notation
y F'(ta1) & () Po(C1) ¢(c1)
Y=l Rl = | &) = : Ce@=1] |, e@=] |
Y[mn] FLH] (tnm) (pganr]] (tn.m) (PO (Cm) (pl (Cm)
1:(1) (1)
=1 + |, v)=| : |,
Im(1) Ym(1)
and
A= [Xj(ci)]g‘:n B= [Wj(ci)m‘:lv
the formula (1.6) can be rewritten in the following vector form:
{ YU = (@o(0) @ DY + (@1(0) @ Dy + (A DY+ (B D)(F (tre) + " (tne)) a7
i1 = @o(1ai1 + @1 (1) + (1 (1) @ DY + T (1) @ DF (tae) + BV (En)),

n=1,2,...,N—1, where I is the identity matrix of dimension D. The polynomial P(t) in (1.3) provides a continuous approx-
imation of the solution on the interval of integration [to, T].

The idea of two-step Runge-Kutta and collocation methods has been widely developed in the context of ordinary differ-
ential equations (ODEs) and delay differential equations (DDEs). In particular the papers [1,3,11,12,14,16,18,22,23] and the
monograph [15] are concerned with discrete two-step Runge-Kutta methods for ODEs, while the papers [4,6,13,17,2,5] deal
with continuous two-step collocation and two-step Runge-Kutta methods for ODEs and DDEs, respectively.

In this paper we will construct highly stable almost two-step collocation methods for VIEs, following the approach pro-
posed in [13] in the context of ODEs. This technique is based on using a collocation technique and then relaxing some of the
collocation and interpolation conditions in order to obtain desirable stability properties. We will analyze the convergence
and order of the proposed methods and provide the stability analysis with respect to the basic test equation
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