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Abstract

k-Restricted edge connectivity is an important parameter in measuring the reliability and fault tolerance of large
interconnection networks. In this paper we present two families of graphs similar with the networks proposed by Chen
et al. [Y.C. Chen, J.J.M. Tan, L.H. Hsu, S.S. Kao, Super-connectivity and super edge-connectivity for some interconnec-
tion networks, Applied Mathematics and Computation 140 (2003) 245-254] and study the & (k = 2, 3)-restricted edge
connectivity of these graphs. In particular, as the applications of our results, the k£ (k = 2, 3)-restricted edge connectivity
of the recursive circulant graphs and the n-ary k-cubes is given.
© 2008 Elsevier Inc. All rights reserved.
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1. Introduction

It is well known that when the underlying topology of an interconnection network is modeled by a
connected graph G = (V,E), where V is the set of processors and E is the set of communication links in
the network, the edge connectivity A(G) of G is an important measurement for reliability and fault tolerance
of the network [14]. In general, the larger A(G) is, the more reliable the network is. The parameter, however,
has an obvious deficiency, that is, it tacitly assume that all edges incident with the same vertex of G can poten-
tially fail at the same time, which is almost impossible in the practical applications of networks. In other
words, in the definition of A(G), absolutely no restrictions are imposed on the components of G — S where
S is an edge set such that G — S is disconnected. Consequently, the measurement is inaccurate for large-scale
processing systems in which all links incident with the same processor cannot fail at the same time. To com-
pensate for this shortcoming, it would seem natural to generalize the notion of the classical edge connectivity
by imposing some restrictions on the components of G — S. Fabrega and Fiol [7] introduced the k-restricted
edge connectivity of interconnection networks.
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For graph-theoretical terminology and notation not defined here we follow [2]. We consider finite,
undirected and simple graph G with the vertex set V(G) and the edge set E(G). For any vertex v, we define
the neighborhood Ns(v) of v in G to be the set of vertices adjacent to v and the edge neighborhood NEG(v)
of v in G to be the set of edges incident with v. The degree dg(v) of a vertex v is the number of vertices in
Ng(v). The girth of G is the length of a shortest cycle in G. For a vertex set X C V, denote the induced sub-
graph of X in G by G[X]. For two vertex sets X, Y of G, we define [X,Y] = {uv:u € X,v € Y and uv € E(G)}.
A graph G is k-regular if d(v) = k for every vertex v in G. An edge cut is a set S C E(G) such that G — S is
disconnected. The edge connectivity A(G) of G is the minimum size of an edge cut. G is maximally edge-con-
nected if A(G) = §(G), where 6(G) is the minimum degree of G. For neighborhoods, edge neighborhoods and
degrees, we will usually omit the subscript for the graph when it is clear which graph is meant.

Definition 1.1. An edge set S C E(G) is a k-restricted edge cut if G — S is disconnected and every component of
G — S has at least k& vertices. The k-restricted edge connectivity of G, denoted by 4:(G), is defined as the
cardinality of a minimum k-restricted edge cut.

In particular, the 2-restricted edge cut is called the restricted edge cut and the 2-restricted edge connectivity
is called the restricted edge connectivity. We denote the restricted edge connectivity of G by 2'(G). In view of
previous studies on k-restricted edge connectivity, it seems that the larger /,(G) is, the more reliable the net-
work is [9,13]. So we expect /;(G) to be as large as possible. Clearly, the optimization of 4,(G) requires an
upper bound first. For any positive integer k, let &(G) = min{|[X,X]| : |X| = k and G[X] is connected}. It
has been shown that /;(G) < &(G) for many graphs [3,10,17].

Two families of interconnection networks proposed by Chen et al. [4] are presented as follows.

Definition 1.2. Let Gy and G; be two disjoint graphs with the same number of vertices. The graph
G(Gy, G1; M) is such a graph with vertex set V(Gyp) U V(Gi) and edge set E(Gy) UE(G1) UM, where M is a
perfect matching between the vertices of Gy and Gj; i.e., a set of |V(Gy)| nonadjacent edges with one endpoint
in Gy and the other endpoint in Gj.

Definition 1.3. Let Gy, Gy,...,G,_; be disjoint graphs with |V(G;)|=n for i=0,1,...,»— 1. The graph
H = G(Gy,Gy,...,G._1;.#) is such a graph with V(H)=V(Gy)UV(G)U---UV(G,_,) and E(H) =
MU 1E( G;) and /4 =J;_, 1M, i+1(modr)> Where M, 1mod,) 1S an arbitrary perfect matching between V(G;)
and V(Giti(mod»))-

In this paper, we present two families of interconnection networks as follows.

Definition 1.4. Let ¢,n be two positive integers with ¢ < n and let Gy and G; be two disjoint graphs with
V(Go) = {ao,...,an—1} and V(Gy) = {bo,...,by—1}. The graph G(Go, Gi; M,) is such a graph with vertex set
V(Go) UV(G) and edge set E(Go) UE(Gi)UM, where M,={ab;:j—i(modn)<t—1 and ij=
0,1,....n—1}.

Definition 1.5. Let r, ¢, n be three positive integers with » > 3,7 < n and let Gy, Gy, ..., G,._; be disjoint graphs
with V(G;) = {aw,an, ... a1} for i=0,1,...,r — 1. The graph H = G(Gy,G,...,G,_1; .#4,) is such a
graph with V(H) = V(Go) UV(Gy)U---UV(G,,) and E(H) = .4, U\J. ‘E( G,) and A, =M1 1(modr)s
where M, ;i 1(modr) = {@ij@is1(modr)y * J —](modn) <t—1landj,je€{0,1,...,n—1}} forie{0,1,...,r—1}.

In some sense, G(Go, Gi; M) = G(Gy, G1; M). So G(Gy, G1; M,) generalizes the interconnection network
G(Gy, G1; M). G(Gy,Gy,...,G,_1;.#,) is an interesting interconnection network related with G(G,, Gi; M,)
and G(Go, G], ey G,.,l; %)

Chen and Tan [5] discussed the restricted edge connectivity of G(Gy, Gi; M) and G(Gy, Gy, ..., G,_;.#) and
showed the following results.

Theorem 1.6 [S]. Let k and n be two positive integers with n > k + 1. Let Gy and G, be two disjoint k-regular
graphs, |V (Go)| = |V(G1)| = n, containing no triangle. Assume that .(Gy) = A(Gy) = k. Then, G = G(Gy, G ;M)
is (k + 1)-regular, containing no triangle, »(G) = k + 1, and J'(G) = 2k.
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