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Abstract

This article presents a mathematical analysis of Fibonacci search method by k-Lucas numbers. In this study, we develop
a new algorithm which determines the maximum point of unimodal functions on closed intervals. As a result, it makes
Fibonacci search method more effective.
� 2007 Elsevier Inc. All rights reserved.
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1. Introduction

It is well known that the Fibonacci sequence has various applications. The optimization problem is one of
them. By using Fibonacci search algorithms, maximum or minimum point of a given unimodal function on a
closed interval [a,b] can be determined. Before proceeding further, let us introduce the Fibonacci sequence
{Fn}. The sequence {Fn} which is defined as F0 = 0, F1 = 1 and Fn = Fn�1 + Fn�2 is called Fibonacci sequence.
This sequence can be written as

1; 1; 2; 3; 5; 8; 13; 21; 34; 55; . . .

A generalization of the Fibonacci sequence is called the k-Fibonacci sequence for positive integers k P 2. The
k-Fibonacci sequence fgðkÞn g is defined as

gðkÞ1 ¼ � � � ¼ gk
ðk�2Þ ¼ 0; gk

ðk�1Þ ¼ gk
ðkÞ ¼ 1

and for n > k P 2,

gðkÞn ¼ gðkÞn�1 þ gðkÞn�2 þ � � � þ gðkÞn�k:

gðkÞn is called the nth k-Fibonacci number. Under the definition above, the k-Fibonacci sequence [2] can be writ-
ten as follows:
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gðkÞkþ1 ¼ gðkÞk þ gðkÞk�1 ¼ 1þ 1 ¼ 2;

gðkÞkþ2 ¼ gðkÞkþ1 þ gðkÞk þ gðkÞk�1 ¼ 2þ 1þ 1 ¼ 22;

. . .

. . .

. . .

gðkÞ2k�2 ¼ gðkÞ2k�3 þ � � � þ gðkÞk þ gðkÞk�1 ¼ 2k�3 þ � � � þ 2þ 1þ 1 ¼ 2k�2;

gðkÞ2k�1 ¼ gðkÞ2k�2 þ � � � þ gðkÞk þ gðkÞk�1 ¼ 2k�2 þ 2k�3 þ � � � þ 2þ 1þ 1 ¼ 2k�1;

which implies that gk
j ¼ 2j�k for j ¼ k; k þ 1; . . . ; 2k � 1. For instance, if k = 2, then fgð2Þn g is the 2-Fibonacci

sequence.
The k-Lucas sequence fLðkÞn g is a sequence which is defined as LðkÞn =f ðkÞn�1+f ðkÞnþk�1. Each term in this sequence

is called k-Lucas number. It is well known that LðkÞj ¼ 2j�1, 1 6 j 6 k � 1 and LðkÞk ¼ 1þ 2k�1.
As mentioned above Fibonacci and Lucas numbers have many applications. Lucas numbers are used in the

problems for which the maximum number of evaluation needed to reduce the interval of uncertainty i.e., by
using k-Lucas numbers we reduce the interval of uncertainty to within prescribed length faster [3]. We can find
the maximum point of a given unimodal function on a closed interval [a,b] by evaluating the end points of the
reduced intervals. They are determined according to k-Lucas numbers.

In this paper, we develop a new algorithm which determine the maximum point of a given unimodal func-
tion by using k-Lucas numbers. The algorithm in [1] which determines the minimum point of a unimodal func-
tion is not enough to find the minimum point of any unimodal function. In this paper, we develop an
algorithm which finds the maximum point of any given unimodal function.

Based on the algorithm in [1], a new algorithm which finds the maximum point of a given unimodal func-
tion, is written. However we examine that this algorithm does not work for any unimodal function. We deter-
mine the lack of the algorithm in [1] and develop a new algorithm which gives better results and work for any
unimodal function.

2. Modified Fibonacci search algorithm

Let us consider the following algorithm which determines the maximum point of any given unimodal func-
tion f(x)

f ðxÞx2½a;b� ! max

Let lk
m denote mth k-Lucas number. The algorithm, we develop, is written as follows:

Step 1. Input a, b, f(x)
Step 2. for m = 1 to n

Step 3. Choose as [a1,b1] = [a,b] and m = 1
Step 4. If f(am) < f(bm) then ymax=f(bm) otherwise ymax=f(am)
Step 5. Calculate the points

xm ¼ am þ ðbm � amÞ
lk

n�mþ1

lk
n�mþ3

; x0m ¼ am þ ðbm � amÞ
lk

n�mþ2

lk
n�mþ3

Step 6. Find the values f(xm) and f ðx0mÞ
Step 7.

Case I. f ðxmÞ 6 f ðx0mÞ and ymax=f(bm) then [am+1,bm+1] = [xm,bm]
Case II. f ðxmÞ 6 f ðx0mÞ and ymax=f(am)
if f ðx0mÞ 6 ymax then ½amþ1; bmþ1� ¼ ½am; x0m�
otherwise [am+1,bm+1] = [xm,bm]
Case III. f ðxmÞP f ðx0mÞ and ymax=f(am) then ½amþ1; bmþ1� ¼ ½am; x0m�
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